1 Challenge Problems

Challenge Problems for Chapter 5

Problem 1 Suppose V has dimension p and W has dimension q and they are each contained in a subspace, U
which has dimension equal to n where n > max (p, q) . What are the possibilities for the dimension of V N W ?

Click the arrow to see the answer. Let{xy,---,xx} be a basis for V. N W. Then there is a basis for V and W which
are respectively
X, X Yiets 5 Yo b X s Xks Zkaets o+ 5 Zg)

It follows that you must have k + p — k + ¢ — k < n and so you must have

p+g—n<k
Problem 2 Let{vy,Vy,...,V,} be a basis of R". Let A be an n x n matrix.

1. If Ais invertible, show that { Avy, Av,, ..., Av,} is a basis of R".

2. If{Avy, Avy, ..., Av,} is a basis of R", show that A is invertible.
Problem 3 Show that null(A) = null(A” A) for any real matrix A.
Problem 4 LetA be an m x n matrix of rank r. Show that dim(null(A)) = n —r.

Problem 5 LetU and W be subspaces of R3. If dim(U) = dim(W) = 2, and U # W, show that dim(U N W) = 1.
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