1 Coordinate Mappings

Recall that a transformation T : R” — R is called a linear transformation if the following are true for all vectors u
and v in R", and scalars k.
T(ku) = kT (u)

TUu+v)=T(u)+ T(v)

We generalize this definition as follows.

Definition 1. Let V and W be vector spaces. A transformation T : V — W is called a linear transformation if the
following are true for all vectors u and v in V, and scalars k.

T(ku) = kT (u)

TUu+v)=T(u)+ T(v)

Linearity of Coordinate Mappings

Transformations that map vectors to their coordinate vectors with respect to some ordered basis will prove to be of
great importance. We will start by showing that such transformations are linear.

If Vis a vector space, and B = {v4, ..., v, } is an ordered basis for V then any vector v of V can be uniquely expressed

as vV = aVy +... + a,v,, for some scalars as, ..., a,. Vector [v]z in R” given by
a
[Vls =
ap

is said to be the coordinate vector for v with respect to the ordered basis 5. (See Definition ??.)

It turns out that the transformation 7 : V — R” defined by T(v) = [v]z is linear. Before we prove linearity of T,
consider the following example.

1 O] ; [0 1] ; [0 0] , [0 O] } be an ordered basis for My ». (You should do a quick

Example 1. Let B =
0 0] |0 O 0| |0 1

mental check that B is a legitimate basis.) Define T : Mz, — R* by T(A) = [A]s. Find T (l_f 35] )
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Explanation. We need to find the coordinate vector for l_f 35] with respect to B.



This gives us:
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Theorem 1. Let V be an n-dimensional vector space, and let B be an ordered basis for V. Then T : V — R" given
by T(v) = [v]z is a linear transformation.

Proof  First observe that Theorem ?? of Bases and Dimension of Abstract Vector Spaces guarantees that there
is only one way to represent each element of V as a linear combination of elements of B. Thus each element of V
maps to exactly one element of R”, as long as the order in which elements of 3 appear is taken into account. This
proves that T is a function, or a transformation. We will now prove that T is linear.

Let v be an element of V. We will first show that T(kv) = kT(v). Suppose B = {vi,...,V,}, then v can be written as
a unique linear combination:
V=aVqy + ...+ apVp

We have:
T(kv) = T(k(ajVq + ... + anVp))
= T((kaj)vy + ... + (kan)Vvp)
ka1 a
= =k || =KT(v)
ka, an
We leave it to the reader to verify that T(v + w) = T(v) + T(w). (See Practice Problem ??.) |

Invertibility of Coordinate Mappings

Consider a linear transformation T : R? — R? that scales all input vectors by a factor of two, and a linear transfor-
mation S : R? — R2 that scales all input vectors by a factor of one half. The composite functions So T and To S
are both identity transformations. S and T are clearly inverses of each other. Diagrammatically, we can represent T
and S as follows:

T doubles each input
) \/ 2v
S halves each input

This gives us a way of thinking about an inverse of T as a transformation that “undoes” the action of T by “reversing”
the mapping arrows. We will now use these intuitive ideas to understand which linear transformations are invertible
and which are not.


https://ximera.osu.edu/linearalgebradzv3/LinearAlgebraInteractiveIntro/VSP-0060/main

Given an arbitrary linear transformation T : V — W, “reversing the arrows” may not always result in a transformation.
Recall that transformations are functions. The figures below show two ways in which our attempt to “reverse” T may
fail to produce a function.

First, if two distinct vectors v; and v, map to the same vector w in W, then reversing the arrows gives us a mapping

that is clearly not a function.

Based on this diagram, it is reasonable to conjecture that for a transformation to be invertible, the transformation
must be such that each output is the image of exactly one input. Such transformations are called one-to-one.

Definition 2 (One-to-One). A linear transformation T : V — W is one-to-one if

T(vi) = T(v2) impliesthat vy =v,

Second, observe that our definition of an inverse of T : V — W requires that the domain of the inverse transformation
be W. (Definition ??, Composition and Inverses of Linear Transformations) If there is a vector b in W that is not an
image of any vector in V, then b cannot be in the domain of an inverse transformation.



https://ximera.osu.edu/linearalgebradzv3/LinearAlgebraInteractiveIntro/LTR-0030/main

The above figure makes a convincing case that for a transformation to be invertible every element of the codomain
must have something mapping to it. Transformations such that every element of the codomain is an image of some
element of the domain are called onto.

Definition 3 (Onto). A linear transformation T : V — W is onto if for every element w of W, there exists an element
v of V such that T(v) = w.

Theorem 2. Let V and W be vector spaces, and let T : V — W be a linear transformation. Then T has an inverse
if and only if T is one-to-one and onto.

Proof  We will first assume that T is one-to-one and onto, and show that there exists a transformation S: W — V
suchthat So T =idy and T o S = idy. Because T is onto, for every w in W, there exists v in V such that T(v) = w.
Moreover, because T is one-to-one, vector v is the only vector that maps to w. To stress this, we will say that for
every w, there exists vy, such that T(vy) = w. (Since every v maps to exactly one w, this notation makes sense for
elements of V as well.) We can now define S : W — V by S(w) = v,. Then

(So T)(vw) = S(T(Vw)) = S(W) = Vy
(T o S)(w) = T(S(w)) = T(Vw) =W
We conclude that So T =idy and T o S = idy,. Therefore S'is an inverse of T.
We will now assume that T has an inverse S and show that T must be one-to-one and onto. Suppose
T(vy) = T(v2)
then
S(T(v4)) = S(T(v2))

but then
Vi =Vo

We conclude that T is one-to-one.

Now suppose that wis in W. We need to show that some element of V maps to w. Let v = S(w). Then
T(v) = T(S(w)) = (T o S)(w) = idw(w) =w
We conclude that T is onto. |

Theorem 3. Let V be a vector space, and let BB be an ordered basis for V. Then the linear transformation 7 : V — R”
given by T(v) = [v]z is invertible.

Proof  We leave the proof of this result to the reader. |

Example 2. Recall that the set of all polynomials of degree 2 or less, together with polynomial addition and scalar
multiplication, is a vector space, denoted by P?. Let B = {1, x, xz}. You should do a quick mental check that B is a
basis of P2

a
Define a transformation 7 : P2 — R® by T(a+ bx + cx?) = | b|. In other words, T maps each element of P? to its

c
coordinate vector with respect to the ordered basis B.

The diagram below illustrates the actions of T and T~ on several elements.
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Coordinate Isomorphisms

Invertible linear transformations, such as the coordinate mapping, are useful because they preserve the structure of
interactions between elements as we move back and forth between two vector spaces, allowing us to answer ques-
tions about one vector space in a different vector space. In particular, any question related to linear combinations can
be addressed in this fashion. This includes questions concerning linear independence, span, basis and dimension.
Specifically, for coordinate mappings, it is easy to see that the following property holds.

Theorem 4. Let V be an n-dimensional vector space, and let T : V — R" be the coordinate mapping with respect
to some ordered basis B of V. Then the set of vectors {Xi, X, ..., X« } of V is linearly independent if and only if the
set {T(x4), T(X2), ..., T(Xk)} is linearly independent in R".

Definition 4. Let V and W be vector spaces. If there exists an invertible linear transformation T : V — W we say
that V and W are isomorphic and write V = W. The invertible linear transformation T is called an isomorphism.

It is worth pointing out that if T : V — W is an isomorphism, then T~' : W — V, being linear and invertible, is also
an isomorphism.

Because coordinate mappings are isomorphisms, we have the following fundamental result.

Theorem 5. Every n-dimensional vector space is isomorphic to R".

Practice Problems

Problem 1 Recall that the set V of all symmetric 2 x 2 matrices is a subspace of M ». In Example ?? of Bases

and Dimension of Abstract Vector Spaces we demonstrated that B = { [:) 8] , [8 ﬂ , l? 2)] } is a basis for V.
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Define T : V — R® by T(A) = [Alz. Find T(L) and T (l 23 _131 )

Answer: _
T(h)=|....
(12 3)-]..
-3 1
2 0
Problem 2 Let V be a subspace of R® with a basis B = 1 |,|83| p. Find the coordinate vector, [V]g, for
—1 2
4
v=|—1
—4

0 2
B =< 13|, 1
2| [—1

How would this affect the coordinate vector forv?

e - [ ...... ]
Problem 3 Verify that B = {x*,x +1,1 — x — x?} is a basis for P2. Define T : P> — R3 by T(p(x)) = [p(x)]5. Find

T(0), T(x +1) and T(x? — 3x + 1).

Answer:



Problem 4 LetV and W be vector spaces, and let By = {V1,V2,V3,V4} and By = {wy, Wz, W3} be ordered bases
of V and W, respectively. Suppose T : V. — W is a linear transformation such that:

T(vi) = w2
T(v2) = 2wy — 3w,
T(Vs) = W2 + W3
T(V4) = —W4

Ifv = —2vq + 3vo — vy, express T(v) as a linear combination of vectors of By .

Find [Vlg, and [T(V)]s,,

Problem 5 Let

Is S linearly independent in M, ? (Yes/ No)

o (e e

Is S a basis for My » ? (Yes/ No)

Problem 6 Let



