1 Orthogonal Complements and Decompositions

Orthogonal Complements

We will now consider the set of vectors that are orthogonal to every vector in a given subspace. As a quick example,
consider the xy-plane in R3. Clearly, every scalar multiple of the standard unit vector k in R® is orthogonal to every
vector in the xy-plane. We say that the set {ck | ¢ € R} is an orthogonal complement of {ai + bj | a, b € R}.

Definition 1 (Orthogonal Complement of a Subspace of R"). If W is a subspace of R", define the orthogonal
complement W+ of W (pronounced “W-perp”) by

Wt ={xcR"|x-y=0forally € W}

WL

The following theorem collects some useful properties of the orthogonal complement; the proof of 2? and ?? is left
as Practice Problem 2?.

Theorem 1. Let W be a subspace of R".

1. W+ is a subspace of R”.
2. {0} =R"and (R")* = {0}.
3. If W =span (X1, Xa, ..., Xx) then W+ = {xinR" |x-x;=0fori=1,2,...,k}.

Proof of Part 2?:  We must show that W+ = {x | x - x; = 0 for each i}. To show that two sets are equal, we must
show that all elements of one set are included in the other set, and then we must show the reverse inclusion.

If x is in W then x - x; = 0 for all i because each x; is in W. This shows W* C {x | x - x; = 0 for each i}. For the
reverse inclusion, suppose that x - x; = 0 for all i; we need to show that X is in W-. We need to show x - y = 0 for
eachyin W. We can write y = ¢1Xq + CoXo + - - - + CkXk, Where each ¢; is in R. Then

X-Y=Ci(X-X{)+Co(X-Xo)+---+Cx(X-X¢)=C10+C0+---+¢c0=0

as required, and the proof of equality is complete.



Example 1. Find a basis for W= if W = span _21 A in R*.
0 3
X 1 1
Explanation. By Theorem ??, x = Y|'isin w if and only if x is orthogonal to both v4 = and vy = ;
Z f—
w 0 3
thatis,x-vy =0andx-v, =0, or
X — y + 2z =0
X — 2z + 3w =0
2 3
Using Gaussian elimination on this system gives W+ = span T , g . You are asked to confirm this in

o

—1
Practice Problem ?? (which serves as a wonderful review of concepts we covered earlier in the course!).

Some of the important subspaces we studied earlier are orthogonal complements of each other. Recall the following
definitions associated with an m x n matrix A.

1. The null space of A, null(A) = {x € R" | Ax = 0}, is a subspace of R".
2. The row space of A, row(A) = span(the rows of A), is a subspace of R".

3. The column space of A, col(A) = span(the columns of A), is a subspace of R”.

Exploration 1 Inthe following GeoGebra interactive, you can change the coordinates of the vectors v and w using
the sliders. (At this stage make sure thatv andw are not collinear.) Let A = [_ V' 7. Then row(A) = span(v, w).
J— W J—

RIGHT-CLICK and DRAG to rotate the coordinate system for a better view.
Access GeoGebra interactives through the online version of this text at

https://ximera.osu.edu/linearalgebradzv3/LinearAlgebralnteractivelntro.

1. Follow the prompts in the interactive to visualize row(A) and nullA). What relationships do you observe be-
tween row(A) and null(A) ?

2. It is possible to “break” this interactive (for certain choices of v andw). Ifv andw are scalar multiples of each
other, then row(A) is a (Point, / Line,/ Plane), and the dimension of null(A) is (1, / 2,/ 3). The interactive does
not accommodate this situation. To see what happens when v and w are scalar multiples of each other, see
Practice Problem ??.

Theorem 2. Let Abe an m x n matrix. Then we have:

1. null(A) = (row(A))*;


https://ximera.osu.edu/linearalgebradzv3/LinearAlgebraInteractiveIntro

2. null(AT) = (col(A))*.
Before proving this theorem, let’s examine what it says about a couple of our examples. In Example ??, we solved
X

for the unknown vectors x = . Notice that this is equivalent to creating a 2 x 4 matrix A whose rows are vy

S N X<

and vy, and then finding the null space of that matrix A. You can check that a basis for null ( “ -1 0]) is

0 -2 3
2 3
4 3
iven b ,
g Yy ] 0
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Example 2. Let
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Verify each of the statements in Theorem ??2.

Explanation. We compute rref(A) to find a basis for null(A), row(A), and col(A). After some work we arrive at:

-3 9
-5 31
null(A) = span 1(,]0 and
0 -3
0 1

rOW(A)=span({1 0 30 —9],{0 1 50 —31},[0 0 0 1 3})

(See examples in Subspaces of R” Associated with Matrices' for the details.) It is easy to check that each of the basis
vectors of null(A) is orthogonal to each of the basis vectors of row(A), demonstrating the first part of Theorem ??.
You will be asked to demonstrate the second part of Theorem ?? for this example in Practice Problem ??2.

We now return to the proof of Theorem ??2.

Proof of Theorem ??: Letxe R". x ¢ (row(A))L if and only if x is orthogonal to every row of A. But this is true if
and only if Ax = 0, which is equivalent to saying x € null(A), which proves ??. To prove ??, we simply replace A with
AT, and we may apply ?? since col(A) = row(A"). |

'See Subspaces of R Associated with Matrices at https://ximera.osu.edu/linearalgebradzv3/
LinearAlgebralnteractiveIntro/VSP-0040/main


https://ximera.osu.edu/linearalgebradzv3/LinearAlgebraInteractiveIntro/VSP-0040/main
https://ximera.osu.edu/linearalgebradzv3/LinearAlgebraInteractiveIntro/VSP-0040/main
https://ximera.osu.edu/linearalgebradzv3/LinearAlgebraInteractiveIntro/VSP-0040/main

Orthogonal Decomposition Theorem

Now that we have defined the orthogonal complement of a subspace, we are ready to state the main theorem of this
section. If you have studied physics or multi-variable calculus, you are familiar with the idea of expressing a vector in
as the sum of its tangential and normal components. (If you haven’t yet taken those courses, this section will help to
prepare you for them!) The following theorem is a generalization of this idea.

Theorem 3 (Orthogonal Decomposition Theorem). Let W be a subspace of R” and let x € R”. Then there exist

unique vectors w € W and wt € W such that x = w + w=.

Proof This is an example of an “existence and uniqueness” theorem, so there are two things to prove. If we have
an orthogonal basis {f1,fs, ..., f,} for W, then it is easy to show that our orthogonal decomposition exists for x. We
let w = proj,,(x), which is clearly in W, and we let wh = x —w, and we have w + W = w + (x —w) = X, so we need
to see thatw™ € W+,

By Theorem 22 22, it suffices to show that w is orthogonal to each of the basis vectors f;, i = 1, ..., m. We compute
fori=1,...,m

fi-w =% -(x—w)

x-f x-f x-fy
=f,~-x—f,-- 2f1+2f2+"'+2fm>
(hll [If2]l [fom|

x-f
=f-x— (‘Zf,-f,) =f,-x—(x-f)=0.
[If1]]

The reason we need to prove this decomposition is unique is because we started with the orthogonal basis {fi, f2, ..., f}
for W, but what would happen if we chose a different orthogonal basis?

This proves that wt e wt.

Suppose that {f},f,, ..., ..} is another orthogonal basis of W, and let

f - f
w = x/12 fi + % fo v+ X rg f,
17l 12l 15l

As before, w' € W and x —w’ € W, and we must show that w’ = w. To see this, write the vector w — w’ as follows:

w—-w=(x-w)—(Xx—w)

This vector is in W (because w and w’ are in W) and it is in W' (because x — w’ and x — w are in W), and so it

must be the zero vector (it is orthogonal to itself!). This means w’ = w as desired. ]
1 0 1
. 0 1 2 :
Example 3. Let W be a subspace given by W = span NEANEE and let x = sl Write x as the sum of a
0 2 4

vector in W and a vector in W.



Explanation. Following the notation of Theorem ??, we will write x = w +w’, where w = proj,(x) and wh=x—w.

1 0
Let f; = ? and let f, = ; . We observe that we have the good fortune that 4, f5 is an orthogonal basis for W
0 2

(otherwise, our first step would be to use the Gram-Schmidt procedure to create an orthogonal basis for W). We
compute:

1 0 2
W = proj(X) = projs, (X) + projs, (X) 410 1011 2
= = + = — + — = ,
Jw Jt, It, 2 |4 5 |o >
0 2 4
1 2 —1
andthenwt = |2 — |?] = | ©
3 2 1
4 4 0
This gives us
2 —1
x=wswt= 2|+
2 1
4 0

The final theorem of this section shows that projection onto a subspace of R” is actually a linear transformation from
R"to R".

Theorem 4. Let W be a fixed subspace of R". If we define T : R” — R" by
T(x) = proj,(x) forall xin R”
1. T is alinear transformation. (See Introduction to Linear Transformations.)

2. im(T)is W and ker(T) is w. (See Image and Kernel of a Linear Transformation.)

3. dim(W) + dim(W™) = n.

Proof If W = {0}, then W* = R", and so T(x) = 0 for all x. Thus T = 0 is the zero (linear) operator, so 2?2, 22,
and ?? hold. Hence assume that W # {0}.

1. 1f{q1,d2,...,qm} is an orthonormal basis of W, then
T(X) = (X-q1)qs + (X - G2)g2 + - + (X - qm)qn  forallx € R” (1)
by the definition of the projection. Thus T is a linear transformation because

x+y)-qi=x-q;+y-q; and (rx)-q;,=r(x-q;) foreachi.


https://ximera.osu.edu/linearalgebradzv3/LinearAlgebraInteractiveIntro/LTR-0010/main
https://ximera.osu.edu/linearalgebradzv3/LinearAlgebraInteractiveIntro/LTR-0050/main

2. We have im(T) is a subset of W by (??) because each q; is in W. But if x is in W, then x = T(x) by (??) and
Theorem ?? applied to the space W. This shows that W is a subset of im(T), so im(T) is W.

Now suppose that x is in W=, Thenx - q; = 0 for each i (again because each q; is in W) so x is in ker(T) by
(??). Hence W is in ker(T). On the other hand, Theorem 2?2 shows that x — T(x) is in W= for all x in R”,
and it follows that ker(T) is in W=. Hence ker(T) is W=, proving ?2.

3. This follows from ??, ??, and the Rank-Nullity theorem (Theorem ??).

Practice Problems

Problem 2 Solve the linear system in Example ?? and use your result to find a basis for W= if W = span ],

inR%.

Problem 3 In this problem we return to the GeoGebra interactive in Exploration ??, and we consider the case
where the matrix A has rank 1 (which Exploration ?? could not handle). This time, the sliders define row 1 of matrix
A, and row 2 will be 2 times row 1. Follow the prompts in the interactive to visualize row(A) and nullA). What
relationships do you observe between row(A) and null(A)?

Access GeoGebra interactives through the online version of this text at

https.//ximera.osu.edu/linearalgebradzv3/LinearAlgebralnteractivelntro.

Problem 4 In this problem you are asked to finish Example ??. More specifically, for the matrix

0

—_

I

—_

(&)
AN O =

show that null(AT) = (col(A))*. It may be helpful to consult Subspaces of R" Associated with Matrices, where we
found a basis for the column space of this matrix.

Problems ??-??

In each case, write x as x = w + w, where w = proj,,(x) and wh = x — w.

2 3 2
Problem 5 x= |1|, W =span —1!,1] 0
6 2 -3


https://ximera.osu.edu/linearalgebradzv3/LinearAlgebraInteractiveIntro
https://ximera.osu.edu/linearalgebradzv3/LinearAlgebraInteractiveIntro/VSP-0040/main

1
Problem 6 x= , W = span 1 , ,
1

Problem 7 x= , W =span ,

Problem 8 LetW = span(wq,Wa,...,Wx), W; € R”, and let A be the k x n matrix with the w; as rows.

1. Show that W+ = {x | x € R", Ax” = 0}.
2. Use part (a) to find W+ if

—1
W = span ,
P 2

Problem 9 1. Prove part ?? of Theorem ??.

2. Prove part ?? of Theorem ??.

Problem 10 Let W be a subspace of R". Ifx inRR" can be written in any way at all asx = p + q withp in W and q
in W, show that necessarily p = projy,(x).

Problem 11 Let W be a subspace of R" and let x be a vector in R". Using Practice Problem ??, or otherwise,
show that x is in W if and only if x = proj,(X).

Problem 12 /f W is a subspace of R", show that proj,,(x) = x for all x in W.
Problem 13 If W is a subspace of R", show that x = proj,,(X) + proj,. (x) for all x in R".
Problem 14 If {vy,...,v,} is an orthogonal basis of R" and W = span(vy,...,Vpy), m < n, show that wt =

span(Vmt, -, V).
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