1 Orthogonal Matrices and Symmetric Matrices

Recall that an n x n matrix A is diagonalizable if and only if it has n linearly independent eigenvectors. Moreover, the
matrix P with these eigenvectors as columns is a diagonalizing matrix for A, that is

P'AP=D
where D is a diagonal matrix with diagonal entries consisting of the eigenvalues of A.

Orthogonal Matrices

A collection of non-zero, pairwise orthogonal vectors in R” is called an orthogonal set of vectors. An orthogonal set of
vectors is called orthonormal if ||q|| = 1 for each vector q in the set. A set of orthogonal vectors {v1, vz, ..., vk} can be
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n orthogonal eigenvectors, they can (by normalizing) be taken to be orthonormal. The corresponding diagonalizing
matrix (we will use Q instead of P) has orthonormal columns, and such matrices are very easy to invert.

“normalized”, i.e. converted into an orthonormal set { } In particular, if a matrix A has

Theorem 1. The following conditions are equivalent for an n x n matrix Q.

1. Qisinvertible and Q' = Q.
2. The rows of Q are orthonormal.
3. The columns of Q are orthonormal.
Proof  First note that condition ?? is equivalent to Q" Q = /. Let qy, 2, ..., q,, denote the columns of Q. Then q/

is the ith row of QT, so the (i, j)-entry of Q" Qis q; - q;. Thus Q' Q = I means thatq; - q; = 0if i #jand q; - q; = 1 if
i = j. Hence condition ?? is equivalent to ??. The proof of the equivalence of ?? and ?? is similar. ]

Definition 1 (Orthogonal Matrices). An n x n matrix Q is called an orthogonal matrix if its columns are orthonormal
vectors. (i.e. The matrix satisfies one (and hence all) of the conditions in Theorem ??.)

Remark 1. The above definition calls a square matrix with orthonormal columns an orthogonal matrix. It is true that
orthonormal matrix might be a better name. But orthogonal matrix is standard.

cosf —sinf

Example 1. The rotation matrix |
sinf  cosf

] is orthogonal for any angle 6.

Explanation. See Practice Problem ??.
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1. Check that matrix A has rows that are orthogonal.

2. Check that matrix A has columns that are NOT orthogonal.



3. Check that matrix A has rows that are NOT orthonormal.
4. Create a matrix Q by normalizing each of the rows of A.

5. Check that columns and rows of Q are orthonormal.

You should get Q =

= 5l 5
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Definition 2. An n x n matrix A is said to be orthogonally diagonalizable if an orthogonal matrix Q can be found
such that @~ 'AQ = Q" AQ is diagonal.

We have learned earlier that when we diagonalize a matrix A, we write P~'AP = D for some matrix P where D is
diagonal, and the diagonal entries are the eigenvalues of A. We have also learned that the columns of the matrix P
are the corresponding eigenvectors of A. So when a matrix is orthogonally diagonalizable, we are able to accomplish
the diagonalization using a matrix Q consisting of n eigenvectors that form an orthonormal basis for R". In the
following section we will learn that the matrices that have this property are precisely the symmetric matrices.

Symmetric Matrices

A symmetric matrix is a matrix which is equal to its transpose.

When we began our study of eigenvalues and eigenvectors, we saw examples of matrices with entries that were
real numbers with eigenvalues that were complex numbers. It can be shown that symmetric matrices only have real
eigenvalues.

Fact 1. Symmetric matrices only have real eigenvalues.

Lemma 1. If Ais an n x n symmetric matrix, then
(Ax) -y = x - (Ay)

for all columns x and y in R”.

Proof Recallthat x -y = x"y for all columns x and y. Because A’ = A, we get

(Ax) -y = (Ax)Ty = x" ATy = x" Ay = x - (Ay)

Remark 2. The converse of the above lemma also holds (see Practice Problem ??).

Theorem 2. If Ais a symmetric matrix, then eigenvectors of A corresponding to distinct eigenvalues are orthogonal.

Proof  Let Ax = A\x and Ay = py, where A # ;1. We compute

A(X-y) = (AX) -y = (AX) -y = X - (Ay) =X - (uy) = p(X - y)
Hence (A — pu)(x - y) =0, and so x - y = 0 because A # u. |
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Example 2. Find an orthogonal matrix Q such that Q' AQ is diagonal, where A= | 0 1 2
-1 2 5

Explanation. The characteristic equation of A is (adding twice row 1 to row 2):

1—XA 0 1
det| 0 1-X -2 |=XA—1)A—6)=0

1 2 —1
Xi1=|—-2| Xo= 1| Xz3=]| 2
1 0 5

respectively. Moreover,these eigenvectors are orthogonal. We have ||x;||* = 6, ||x||* = 5, and ||x3||* = 30, so

| | V5 26 1
p 1 X 1 X 1 X 1 N 5
=|—7=X1 —F=X2 —=X3| =—=|—
6 5 30 30
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is an orthogonal matrix. Thus P~' = PT and
0 0O
PTAP={0 1 0
0 0 6
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Example 3. Orthogonally diagonalize the symmetric matrix A= |—2 5 4.
2 4 5
Explanation. The characteristic equation is
8— A\ 2 —2
det| 2 5-) —4|=XA-92=0
-2 -4 5-2)

Hence the distinct eigenvalues are 0 and 9 are of algebraic multiplicity 1 and 2, respectively. The geometric multi-
plicities must be the same, for A is diagonalizable, being symmetric. It follows that dim(Sp) = 1 and dim(Sg) = 2.
Gaussian elimination gives

1 —2 2
So(A) =span{xs}, x;=|2 |, and Sy(A) =span 11,10
—2 0 1



The eigenvectors in Sy are both orthogonal to x; as Theorem ?? guarantees, but not to each other. However, an
orthogonal basis can be found using projections. (See Gram-Schmidt Orthogonalization)
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{f2,f3} of Sg(A) where f,=| 1 | andfz= |4
0 5
Normalizing gives orthonormal vectors{1x ! f 1 f3}, so
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is an orthogonal matrix such that Q' AQ is diagonal.
2 -2
It is worth noting that other, more convenient, diagonalizing matrices Q exist. For example,y, = (1| andys; = | 2
2 1
lie in Sg(A) and they are orthogonal. Moreover, they both have norm 3 (as does x;), so
| | | 1 2 -2
a=|1x ! Tyal=212 1 2
= 3% 3V2 3y3 =3
‘ ‘ | -2 2 1
is a nicer orthogonal matrix with the property that Q" AQ is diagonal.
Practice Problems
Problem 2 Normalize the columns to make the following matrix orthogonal. A = [; _24]
1 [ ............ 1
\/7 ............
-1 2 2
Problem 3 Normalize the columns to make the following matrix orthogonal. A= | 2 —1 2
2 2 -1

Problem 4 For each matrix A, find an orthogonal matrix Q such that Q' AQ is diagonal.


https://ximera.osu.edu/corela/LinearAlgebraInteractiveIntro/RTH-0015/main

Question 4.1

Question 4.2

List eigenvalues in increasing order.
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Problem 5 Suppose A is orthogonally diagonalizable. Prove that A is symmetric. (This is the easy direction of the
“if and only if” in Theorem ??.)

Problem 6 Prove the converse of Theorem ??:

If (Ax) -y = x - (Ay) for all n-columns x and'y, then A is symmetric.
Problem 7 Let Q be an orthogonal matrix.

1. Show thatdetQ =1 ordetQ = —1.
2. Give 2 x 2 examples of Q such thatdetQ =1 anddetQ = —1.
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