1 Subspaces of R” Associated with Matrices

Row Space of a Matrix

Recall that in Gaussian Elimination and Rank, we claimed that every row-echelon form of a given matrix has the
same number of nonzero rows. This result suggests that there are certain characteristics associated with the rows
of a matrix that are not affected by elementary row operations. We are now in the position to examine this question
and to supply the proof we omitted earlier.

Definition 1. Let A be an m x n matrix. The row space of A, denoted by row(A), is the subspace of R" spanned by
the rows of A.

Exploration 1 Consider the matrix
A -2 2 1
4 -2 1

r1=[—2 2 1], r2=[4 -2 1]

Letry andr, be the rows of A:

Then row(A) = span(rq,t2) is a plane through the origin containing ry andr.
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We will use elementary row operations to reduce A to rref(A).
-2 2 1 110 1
4 -2 1 0 1 3/2

P1=[1 0 1], p2=[0 1 3/2}

Let p1 and p2 be the rows of rref(A):

What do you think span(p+, p2) looks like?

The following video will help us visualize span(p+, p2) and compare it to span(ry, t»).


https://ximera.osu.edu/linearalgebradzv3/LinearAlgebraInteractiveIntro/SYS-0030/main

YouTube link: https: //www. youtube. com/watch?v=6wz-5G14jo8

Based on what we observed in the video, we may conjecture that
span(pi, p2) = span(ry, rz)
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But why does this make sense? Vectors pi and p, were obtained from ry andr, by repeated applications of elemen-
tary row operations. At every stage of the row reduction process, the rows of the matrix are linear combinations of r4
andr,. Thus, at every stage of the row reduction process, the rows of the matrix lie in the span of vy andr,. Our next
video shows a step-by-step row reduction process accompanied by sketches of vectors.

YouTube link: https: //www. youtube. com/watch? v=KpoeWUQ3wkY

Exploration ?? makes a convincing case for the following theorem.

Theorem 1. If matrix B was obtained from matrix A by applying an elementary row operation to A then
row(B) = row(A)

Proof Letrq,...,r, be the rows of A.

There are three elementary row operations. Clearly, switching the order of vectors in span(ry, ..., ) will not affect
the span.

Suppose that B was obtained from A by multiplying the i row of A by a non-zero constant k. We need to show that

span(ry, ..., Kri, ... ,tm) = span(ry, ..., tj, ... ,.¥m)

To do this we will assume that some vector v is in span(ry, ..., kr;, ..., Fr), and show that v is in span(ry, ..., ¥, ..., ).
We will then assume that some vector wis in span(ry, ..., I, ..., ) and show that w must be in span(ry, ..., krj, ..., Fp).

Suppose that v is in span(ry, ..., krj, ..., Fp). Then
V=airy + ...+ ai(kt;) + ... + anrpm

But then
V=ail+..+ @k +..+amrny


https://www.youtube.com/watch?v=6wz-5G14jo8
https://www.youtube.com/watch?v=KpoeWUQ3wkY

Sovisinspan(ri,...,Fj, ..., Im).
Now suppose w is in span(ry, ..., tj, ..., I'p), then
W = DbiFy + ...+ bifj + ... + byl

But because k # 0, we can do the following:
b;
W=Dbir +...+ F(kri) + .o+ byt

So wisin span(ry, ..., Krj, ..., tm).
We leave it to the reader to verify that adding a multiple of one row of A to another does not change the row space.
|

Corollary 1. If matrix B was obtained from matrix A by applying a sequence of elementary row operations to A then

row(B) = row(A)

Proof  This follows from repeated applications of Theorem 22. ]

Corollary 2.
row(A) = row(rref(A))

Example 1. Let
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Find two distinct bases for row(A).

Explanation. By Corollary ?? a basis for row(rref(A)) will also be a basis for row(A). Row reduction gives us:

2 -1 1 -4 A1 10 3 0 -9

1 0 3 3 0 — 01 5 0 -31  rref(A)
-2 1 -1 5 2 0 0 0 1

4 -1 7 2 1 0 000 O

Since the zero row contributes nothing to the span, we conclude that the nonzero rows of rref(A) span row(rref(A)).
Therefore
row(A)=span({1 0 3 0 —9},[0 1 5 0 —31},[0 0 0 1 3})

By Problem ??, the nonzero rows of rref(A) are linearly independent. It follows that the nonzero rows of rref(A) form
a basis for row(A).

To find a second basis for row(A), observe that by Corollary ?? the row space of any row-echelon form of A will be
equal to row(A). Matrix A has many row-echelon forms. Here is one of them:

1 0 3 3 0
B 0o -1t -5 —-10 1
0 O 0 1 3
0 O 0 0 O



The nonzero rows of B span row(A). By Theorem ??, the nonzero rows of B are linearly independent. Thus the
nonzero rows of B form a basis for row(A).

Our observations in Example ?? can be generalized to all matrices. Given any matrix A,

1. The nonzero rows of rref(A) are linearly independent (Why?) and span row(A) (Corollary ??).
2. The nonzero rows of any row-echelon form of A are linearly independent (Why?) and span row(A) (Corollary
??).

Therefore nonzero rows of rref(A) or the nonzero rows of any row-echelon form of A constitute a basis of row(A).
Since all bases for row(A) must have the same number of elements (Theorem ??), we have just proved the following
theorem.

Theorem 2. All row-echelon forms of a given matrix have the same number of nonzero rows.

This result was first introduced without proof in Gaussian Elimination and Rank where we used it to define the rank
of a matrix as the number of nonzero rows in its row-echelon forms. We can now update the definition of rank as
follows.

Definition 2. For any matrix A,
rank(A) = dim (row(A))

Column Space of a Matrix

Definition 3. Let Abe an m x n matrix. The column space of A, denoted by col(A), is the subspace of R™ spanned
by the columns of A.

Exploration 2 Let

1 3 -2 -8

Our goal is to find a basis for col(B). To do this we need to find a linearly independent subset of the columns of B
that spans col(B).

Consider the linear relation:

2 —1 3 1
a (1| +a&|-1|+a |2 |+as| 2| =0 (1)
1 3 -2 -3


https://ximera.osu.edu/linearalgebradzv3/LinearAlgebraInteractiveIntro/SYS-0030/main

We see that (??) has infinitely many solutions. This means that the columns of B are linearly dependent, and contain
a redundant vector. Which vector can we remove from the set without changing the span?

Choosing a non-zero value for the free variable as, we can express the third column as a linear combination of the
other columns. We conclude that

2 —1 3 1 2 -1 1
colBy=span| (1|, |[-1|,|2|,]| 2 =span| |1|,|—-1]|,]| 2
1 3 -2 -3 1 3 -3

Removing the third column also gives us

2 —1 1 10 0
1 —1 2 |~ | 01410
13 42 -3 00 1

This implies that the remaining columns are linearly independent, and the set

2| [-1 1
1, [-1].] 2
1] | 3| [-3

is a basis for col(B).

The approach we took to find a basis for col(B) in Exploration ?? uses the reduced row-echelon form of B. It is true,
however, that any row-echelon form of B could have been used in place of rref(B). (Why?). We generalize the steps
as follows:

Procedure 1. Given a matrix B, a basis for col(B) can be found as follows:

1. Find rref(B) (or any row-echelon form B’ of B.)
2. Identify the pivot columns of rref(B) (or B').

3. The columns of B corresponding to the pivot columns of rref(B) (or B') form a basis for col(B).

Proof Let by, ..., b, be the columns of B, and let b}, ..., b/, be the columns of rref(B) (or B'). Observe that the

equations
aby +...+ab,=0 (2)

ab)+..+ab,=0 (3)

have the same solution set. This means that any non-trivial relation among the columns of rref(B) (or B') translates
into a non-trivial relation among the columns of B. Likewise, any collection of linearly independent columns of rref(B)
(or B') corresponds to linearly independent columns of B.

By Problem 2?2, the pivot columns of rref(B) (or B') are linearly independent. Therefore the corresponding columns
of B are linearly independent. Non-pivot columns can be expressed as linear combinations of the pivot columns,
therefore they contribute nothing to the span and can be removed from the spanning set. (See Problem 2??) |



The proof of Procedure ?? shows that the number of basis elements for the column space of a matrix is equal to
the number of pivot columns. But the number of pivot columns is the same as the number of pivots in a row-echelon
form, which is equal to the number of nonzero rows and the rank of the matrix. This gives us the following important
result.

Theorem 3. Let A be a matrix.
dim(row(A)) - rank(A) = dim (coI(A))

Example 2. We will return to matrix A of Example ?? and find a basis for col(A).

Explanation. We begin by finding rref(A).

2 -1 1 -4 1 10 3 0 -9

1 0 3 3 0 - 01 5 0 -31  rref(A)
-2 1 -1 5 2 0 0 0 1

4 -1 7 2 1 0 000 O

Columns 1, 2 and 4 of rref(A) contain leading 1’s. Therefore columns 1, 2 and 4 of A form a basis for col(A).

The Null Space

Definition 4. Let Abe an m x n matrix. The null space of A, denoted by null(A), is the set of all vectors x in R" such

that Ax = 0.
A 3 -1
-6 2

Explanation. We need to solve the equation Ax = 0. Row reduction gives us
3 -1 - 1 -1/3  rref(A)
-6 2 0 0

We conclude that x = r {31 t. Thus null(A) consists of all vectors of the form r {31 t. We might write

wn-{ [
nuil(4) = span ( [1 {3] )

Example ?? allows us to make an important observation. Note that every scalar multiple of

Example 3. Find null(A) if

or

1 . . .

{3 is contained in
null(A). This means that null(A) is closed under vector addition and scalar multiplication. Recall that this property
makes null(A) a subspace of R". This result was first presented as Practice Problem ??. We now formalize it as a
theorem.



Theorem 4. Let Abe an m x n matrix. Then null(A) is a subspace of R”.

Proof  To show that null(A) is closed under vector addition and scalar multiplication we will show that a linear
combination of any two elements of null(A) is contained in null(A).

Suppose X1 and X, are in null(A). Then Ax; = 0 and Ax, = 0. But then
A(a1x1 + 32X2) = a4 AX1 + azAXQ =0
We conclude that a; X + a>X» is also in null(A). [ |

Example 4. Find a basis for null(A), where A is the matrix in Example ??.

Explanation. Elements in the null space of A are solutions to the equation

2 -1 1 -4 A1
1 0 3 3 0 X0
-2 1 -1 5 2
4 -1 7 2 1
Row reduction yields rref(A)
2 -1 1 —4 1 10 3 0 -9
1 0 3 3 0 01 5 0 -—31
A
-2 1 -1 5 2 0 0 0 1 3
4 -1 7 2 1 0 00 0 O
Therefore, elements of null(A) are of the form
9t —3s [—3] 9
31t —5s -5 31
X = s = 1 s+ | 0|t
—3t 0 -3
t L 0 | 1
Thus )
-3 9
-5 31
null(A) = span 11,]0
0 -3
L 0 | 1

To find a basis for null(A) we need to find linearly independent vectors that span null(A). Take a closer look at the
vectors

-3 9
-5 31
| o]
0 -3

o} L[1]



Because of the locations of 1’s and 0’s, it is clear that one vector is not a scalar multiple of the other. Therefore the
two vectors are linearly independent. We conclude that

-3 9
-5 31
11,10
0 -3
0 1

is a basis of null(4), and dim (nun(A)) -2

It is not a coincidence that the steps we used in Example ?? produced linearly independent vectors, and it is worth
while to try to understand why this procedure will always produce linearly independent vectors.

Take a closer look at the elements of the null space:

9t —3s -3 9
31t —5s -5 31

X = = s+ |[o]| t
—3t 0 -3

[o]

The parameter s in the third component of x produces a 1 in the third component of the first vector and a 0 in the third
component of the second vector, while parameter t in the fifth component of x produces a 1 in the fifth component
of the second vector and a 0 in the fifth component of the first vector. This makes it clear that the two vectors are
linearly independent.

This pattern will hold for any number of parameters, each parameter producing a 1 in exactly one vector and 0’s in
the corresponding components of the other vectors.

& 1 0 0 0
b 0 1 0 0
=ity | B [
I3 0 0 1 0
t, 0 0 0 1

Therefore, vectors obtained in this way will always be linearly independent.



Rank and Nullity Theorem

Definition 5. Let A be a matrix. The dimension of the null space of A is called the nullity of A.

dim (nun(A)) - nullity(A)

We know that the dimension of the row space and the dimension of the column space of a matrix are the same and
are equal to the rank of the matrix (or the number of nonzero rows in any row-echelon form of the matrix).

As we observed in Example ??, the dimension of the null space of a matrix is equal to the number of free variables
in the solution vector of the homogeneous system associated with the matrix. Since the number of pivots and the
number of free variables add up to the number of columns in a matrix (Theorem ??) we have the following significant
result.

Theorem 5. Let Abe an m x n matrix. Then

rank(A) + nullity(A) = n

We will see the geometric implications of this theorem when we study linear transformations.

Practice Problems

Problem 3 Let A be a matrix. Prove that non-zero rows of rref(A) are linearly independent.
Problem 4 Let A be a matrix. Prove that the pivot columns of rref(A) are linearly independent.

Problem 5 LetA be a matrix. Show that the non-pivot columns of rref(A) can be expressed as linear combinations
of the pivot columns.

Problem 6 Let

Question 6.2 Complete the statement.

rank(A) = dim(row(A)) = dim(col(A)) = ... ...

Question 6.3 Use rref(A) and the procedure outlined in Example ?? to find a basis for row(A).

Basis orrow [ . . . Ll o o o )



Question 6.4 Use Procedure ?? to find a basis for col(A).

Basis for col(A) :

Basis for null(A) : ,

Demonstrate that the Rank-Nullity Theorem (Theorem ??) holds for A.

Explain how you can quickly tell that the two vectors you selected for your basis are linearly independent.

Problem 7 Let

1 2 3
-1 1 3
B=|2 o0 -2
1 -2 -5
0o 1 2

Question 7.2 Complete the statement.

rank(B) = dim(row(B)) = dim(col(B)) = ... ...

Question 7.3 Use rref(B) and the procedure outlined in Example ?? to find a basis for row(B).

Basis for row(B) :  {[... o . | |}

10



Question 7.5 Find a basis for null(B).

Basis for null(B) :

Demonstrate that the Rank-Nullity Theorem (Theorem ??) holds for B.

Problem 8 Suppose matrix M is such that

10 2 0 3 f
e
00 0 0 0 0

Question 8.1 Follow the process used in Example ?? to find a basis for null(M). Explain why the basis elements
obtained in this way are linearly independent.

Basis of null(M) : 1 ) 0 ) 0
0 1 0
0 0 1

Question 8.2 Letvy,..., Ve denote the columns of M. Express vs as a linear combination of vy and va.

Answer:

Problem 9 Suppose Ais a3 x 5 matrix. Which of the following statements could be true?
Select All Correct Answers:

1. dim(col(A)) = 5
dim(row(A)) = 3

2,
3. dim(null(A)) = 1
4. dim(null(A)) = 2
5.

dim(null(A)) = 3
Problem 10 Suppose A is a7 x 3 matrix. Which of the following statements could be true?

Select All Correct Answers:

1. dim(col(A)) = 3

11



2. dim(row(A)) = 3

3. dim(row(A)) =7

0

4. dim(null(A))
5. dim(null(A)) = 4

Problem 11 Complete the proof of Theorem ?? by showing that adding a scalar multiple of one row of a matrix to
another row does not change the row space.

Problem 12 Prove that rank(A) = rank(A")

12



