1 Inner Product Spaces

We have used the dot product in R” to compute the length of vectors (Corollary ??) and also the angle between
vectors. The goal of this section is to define an inner product on an arbitrary vector space V over the real numbers.
The dot product is an example an inner product for R”.

Definition 1. An inner product on a real vector space V is a function that assigns a real number (v, w) to every pair
v, w of vectors in V in such a way that the following properties are satisfied.

w) is a real number for all v and w in V.
w) = (w,V) forallvandwin V.

(
2.
3. (v+w,u) = (v,u) +(w,u) forallu,v,and win V.
4. (rv,w) =r{v,w) forallvand winV and all r inR.
5.

v,v) >0forallv#0inV.
A real vector space V with an inner product ( , ) will be called an inner product space. Note that every subspace of
an inner product space is again an inner product space using the same inner product.
Example 1. R" is an inner product space with the dot product as inner product:
(v,w)=v-w forallv,weR"

See Theorem ??. This is also called the euclidean inner product, and R”, equipped with the dot product, is called
euclidean n-space.

Example 2. If Aand B are m x n matrices, define (A, B) = tr(ABT) where tr(X) is the trace of the square matrix X.
Show that ( , ) is an inner product in M ..

Explanation. Property ?? is clear. Since tr(P) = tr(P") for every square matrix P, we have Property ??:
(A, B) =tr(AB") = tr[(AB")T] = tr(BAT) = (B, A)

Next, Property ?? and Property ?? follow because trace is a linear transformation M,,,, — R (Practice Problem ??).
Turning to Property 2?2, let r, Iy, ..., r,, denote the rows of the matrix A. Then the (i, j)-entry of AA” is r; - rj, SO

(AA) =tr(AAT) =1 Iy 412 T+ 4Ty - T

But r; - r; is the sum of the squares of the entries of r;, so this shows that (A, A) is the sum of the squares of all nm
entries of A. Property ?? follows.

The next example is important in analysis.

Example 3. Let FJa, b] be the set of all functions f : [a, b] — R. Observe that F[a, b] is a vector space. Let C[a, b]
be a subset of FJa, b] consisting of all continuous functions. Why is C[a, b] a subspace of F|a, b]? Show that

b
<f,g>=/ f(x)g(x)ax

defines an inner product on Cla, b].


https://ximera.osu.edu/linearalgebradzv3/LinearAlgebraInteractiveIntro/VEC-0060/main
https://ximera.osu.edu/linearalgebradzv3/LinearAlgebraInteractiveIntro/VEC-0060/main

Remark 1. This example (and others later that refer to it) can be omitted with no loss of continuity by students with
no calculus background.

Explanation. Property ?? and Property ?? are clear. As to Property ??,

b b
(rf, 9) = / rf(x)g(x)dx = r/ f(x)g(x)dx = r(f, g)

b
Property ?? is similar. Finally, theorems of calculus show that (f, f) = / f(x)zdx > 0 and, if f is continuous, that

this is zero if and only if f is the zero function. This gives Property ??.
If v is any vector, then, using Property ?? of Definition ??, we get
(0,v) =(0+0,v) = (0,v) + (0,Vv)

and it follows that the number (0, v) must be zero. This observation is recorded for reference in the following theorem,
along with several other properties of inner products. The other proofs are left as Practice Problem ??.

Theorem 1. Let (,) be an inner product on a space V; let v, u, and w denote vectors in V; and let r denote a real
number.

AU, v+w) = (u,v) + (u,w)
2. (v,rw) = r{v,w) = (rv,w)
3. (v,0)=0=(0,v)
4. (v,v) =0ifandonly ifv=0

Remark 2. If r is a complex number, then ?? must be modified. See Theorem ?? in Complex Matrices.

If {,) is an inner product on a space V, then, given u, v, and win V,
(ru+sv,w) = (ru,w) + (sv,w) = r{u,w) + s(v, w)

for all r and s in R by Property 2? and Property ?? of Definition ??. Moreover, there is nothing special about the fact
that there are two terms in the linear combination or that it is in the first component:

(V1 + Vo + -+ IV, W) = 1 (V1, W) + i (Vo, W) + -+ - + (Vi W)
and
(V, SIW1 + SoWo + « - + SpWp) = S1{V, Wq) + So(V,W2) + - - - + Sy (V, Wpy)

hold for all r; and s; in R and all v, w, v;, and w; in V. These results are described by saying that inner products
“preserve” linear combinations. For example,

(2u — v, 3u + 2v) = (2u, 3u) + (2u, 2v) + (—Vv, 3u) + (—v, 2v)
(u,u) +4(u,v) — 3(v,u) — 2(v,v)
(U, u) + (u,v) —2(v,v)

6(u
6(u
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If Ais a symmetric n x n matrix and x and y are columns in R”, we regard the 1 x 1 matrix x” Ay as a number. If we
write
(x,y) = x"Ay for all columns x,y in R”

then Properties ?? -?? of Definition ?? follow from matrix arithmetic (only Property ?? of Definition ?? requires that
A is symmetric). Property ?? of Definition ?? reads

x"Ax >0 forall columns x # 0 in R”

and this condition characterizes the positive definite matrices (Theorem ??). This proves the first assertion in the
next theorem.

Theorem 2. If Ais any n x n positive definite matrix, then
(x,y) = x" Ay for all columns x,y in R”

defines an inner product on R”, and every inner product on R” arises in this way.

n
Proof  Given an inner product ( ,) on R", let {eq, ey, ...,e,} be the standard basis of R". If x = Zx,-e,- and
i=1

n
y = Zyje,- are two vectors in R”, compute (x,y) by adding the inner product of each term x;e; to each term yje;.
j=1
The result is a double sum.
n n n n
xy) =D ) (xenye) =) > xle.e)y
=1 j=1 =1 j=1
As the reader can verify, this is a matrix product:

(e1,e1) (er,e2) - (ey,ep) Vi
<X, V> = |: X1 Xo Xn } <e2’.e1> <e2,.e2> o <92’.e”> y.2
(en,e1) (en€2) --- (e, en) Yn

Hence (x,y) = x" Ay, where Ais the n x n matrix whose (i, j)-entry is (ej, €;). The fact that

(ei.e)) = (ej, &)
shows that A is symmetric. Finally, A is positive definite by Theorem ??2. ]
Thus, just as every linear operator R” — R" corresponds to an n x n matrix, every inner product on R" corresponds
to a positive definite n x n matrix. In particular, the dot product corresponds to the identity matrix /,.

Remark 3. If we refer to the inner product space R” without specifying the inner product, we mean that the dot
product is to be used.

Example 4. Let the inner product ( , ) be defined on R? by

14 Wy
s =2V1W1 — ViWo — VoWq + VoWl
V2 w2

Find a symmetric 2 x 2 matrix A such that (x,y) = x" Ay for all x, y in R2.



2 -1
Explanation. The (i, j)-entry of the matrix A is the coefficient of v;w; in the expression, so A = [ ) ) ]

Incidentally, if x = [ X ],then
y
Xx)=2x2 —2xy+y? =x*+(x —y)* >0

for all x, so (x,x) = 0 implies x = 0. Hence ( , ) is indeed an inner product, so A is positive definite.

-
Let (, ) be aninner product on R” given as in Theorem ?? by a positive definite matrix A. If X = | x; xo -+ X, | »
1 2

then (x,x) = x| Axis an expression in the variables x1, xo, ..., X, called a quadratic form. For more on quadratic forms,
see Section 8.8 of [Nicholson], pp. 472—-482.

Norm and Distance

Definition 2. Asin R", if (,) is an inner product on a space V, the norm ||v|| of a vector v in V is defined by
vl = v{v,v)
We define the distance between vectors v and w in an inner product space V to be
d(v,w) = [lv — w]|
Remark 4. If the dot product is used in R", the norm ||x|| of a vector x is usually called the length of x.

Note that Property ?? of Definition ?? guarantees that (v,v) > 0, so ||v|| is a real number.

Example 5. The norm of a continuous function f = f(x) in C[a, b] (with the inner product from Example ??) is given

by
b
11 =1/ | roeax
a

Hence Hf||2 is the area beneath the graph of y = f(x)? between x = aand x = b.
Example 6. Show that (u +v,u — v) = ||u||®> — ||v||® in any inner product space.
Explanation.
(u+v,u—v) = (uu) — (u,v)+(v,u) — (v,v)

= [Jull® = (u,v) + (u,v) — [|v|?

= [[ull* = [|vi?
A vector v in an inner product space V is called a unit vector if ||v|| = 1. The set of all unit vectors in V is called the
unit ball in V. For example, if V = R? (with the dot product) and v = (x, y), then

|v[®=1 ifandonlyif x?+y?=1

Hence the unit ball in R? is the unit circle x*> + y? = 1 with centre at the origin and radius 1. However, the shape of
the unit ball varies with the choice of inner product.



Example 7. Leta> 0and b > 0. If v = (x, y) and W = (X, y), define an inner product on R? by

XX

)= 2"

The reader can verify (Practice Problem ??) that this is indeed an inner product. In this case

(v, w

=1

XS

+

R %

|v|[®=1 ifand only if
so the unit ball is the ellipse shown in the diagram.

Example ?? graphically illustrates the fact that norms and distances in an inner product space V vary with the choice
of inner product in V.

1
Theorem 3. If v # 0 is any vector in an inner product space V, then Mv is the unique unit vector that is a positive

multiple of v.

The next theorem reveals an important and useful fact about the relationship between norms and inner products,
extending the Cauchy inequality for R” (Theorem 2??).

Theorem 4 (Cauchy-Schwarz Inequality). If v and w are two vectors in an inner product space V, then
2 2
(v, W) < [Iv[|* [|w]
Moreover, equality occurs if and only if one of v and w is a scalar multiple of the other.

Remark 5. Hermann Amandus Schwarz (1843—1921) was a German mathematician at the University of Berlin. He
had strong geometric intuition, which he applied with great ingenuity to particular problems. A version of the inequality
appeared in 1885.

Proof of Cauchy-Schwarz Inequality ~ Write ||v|| = aand ||w|| = b. Using Theorem ?? we compute:

v — aw||® = b? ||v||® — 2ab(v,w) + & ||w]||* = 2ab(ab — (v, w))

|bv + aw||® = b2 ||v||® + 2ab(v, w) + & ||w]||* = 2ab(ab + (v, w))

(1)

It follows that ab — (v,w) > 0 and ab + (v,w) > 0, and hence that —ab < (v,w) < ab. But then |{v,w)| < ab =
[[v]| [|w]|, as desired.

Conversely, if [(v,w)| = ||v|| |[w]|| = ab then (v,w) = +ab. Hence (??) shows that bv — aw = 0 or bv + aw = 0. It
follows that one of v and w is a scalar multiple of the other, evenif a=0or b = 0. |

Example 8. If f and g are continuous functions on the interval [a, b], then (see Example ??)

b b b
< / f(x)g(x)dx) < / f(x)2dx / g(x)%dx

Another famous inequality, the so-called triangle inequality (See Triangle Inequality in the Appendix), also comes
from the Cauchy-Schwarz inequality. It is included in the following list of basic properties of the norm of a vector.

2

Theorem 5. If V is an inner product space, the norm ||-|| has the following properties.
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. |lv]| > 0 for every vector vin V.

2. ||v|| = 0if and only if v = 0.
3. |lrv|| = |r| ||v|| for every v in V and every rin R.
4. |lv+w| < |lv|| +|lw| for all vand w in V (triangle inequality).

Proof  Because ||v|| = v/ (v, V), properties ?? and ?? follow immediately from ?? and ?? of Theorem ??. As to
??, compute
Irvl|® = (rv, rv) = r2(v, v) = 72 ||v]|?

Hence ?? follows by taking positive square roots. Finally, the fact that (v,w) < ||v|| |w]| by the Cauchy-Schwarz
inequality gives

[v+w|?=(v+w,v+w)=|v]®+2(v,w) + ||w|?
2 2
< [VII™ + 2 [|v| [Jwl] + [[w]

= (IvIl + [lw])®

Hence ?? follows by taking positive square roots. |

It is worth noting that the usual triangle inequality for absolute values,
|r +s| < |r| +|s| for all real numbers r and s

is a special case of ?? where V = R = R' and the dot product (r, s) = rs is used.

In many calculations in an inner product space, it is required to show that some vector v is zero. This is often
accomplished most easily by showing that its norm ||v|| is zero. Here is an example.

Example 9. Let {v4,...,Vv,} be a spanning set for an inner product space V. If vin V satisfies (v, v;) = 0 for each
i=1,2,...,n,showthatv =0.

Explanation. Write V = r;Vy + - - - + 1oV, r; in R. To show that v = 0, we show that ||v||* = (v, v) = 0. Compute:
(V,V) = (W, Vg + -+ V) = (VW) + -+ 1V, V) = 0

by hypothesis, and the result follows.

The norm properties in Theorem ?? translate to the following properties of distance familiar from geometry. The
proof is Practice Problem ??.

Theorem 6. Let V be an inner product space.

1. d(v,w) > O forallv,win V.
2. d(v,w) =0ifand only if v=w.
3. d(v,w) =d(w, V) forallvand win V.

4. d(v,w) < d(v,u) +d(u,w) for all v, u,and win V.



Practice Problems

Problem 1 Ineach case, determine which of Property ??—Property ?? in Definition ?? fail to hold.

X X
1. V=R? < 1] , [ 2]> = X1Y1X2)2
i Y2

2. V=R3

Xq »
< Xo| s Yo > =X1Y1 — XoY2 + X3)3

X3 Y3
Click the arrow to see the answer. Property ?? fails.

3. V=C, (z,w) = zw, where W is complex conjugation

Click the arrow to see the answer. Property ?? fails, as sometimes we get a complex number. However, we
will return to this definition of (', ) in Complex Matrices — see Definition ??

4. V=P (p(x).q(x) = p(1)q(1)
Click the arrow to see the answer. Property ?? fails.

5. V = My, (A, B) = det(AB)

6. V = F[0,1], (f.9) = f(1)g(0) + f(0)g(1)
Click the arrow to see the answer. Property ?? fails.

Problem 2 LetV be aninner product space. If U C V is a subspace, show that U is an inner product space using
the same inner product.

Problem 3 Ineach case, find a scalar multiple of v that is a unit vector.
1. v =finC[0, 1] where f(x) = x?
1
(f,9) / f(x)g(x)dx
0

2. v = finC[—m, ] where f(x) = cos x
(t.9) [ fxgniae

—T

Click the arrow to see the answer.

3.v=[1
3
4.v=[ 3

—1

1
Click the arrow to see the answer. —— [ 3 ]

in R? where (v,w) = v’ [

inR2,<v,w>=vT[ 1 _1]w
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Problem 4 In each case, find the distance between u and v.

3 1
1. u= -1 LV = ! S(u,v)=u-v
2 1
| 0 | 13
1] [ 2
2 u= 2 ,V = 1 ;{u,v)y =u-v
—1 1
| 2 | 3

Click the arrow to see the answer. \/3

3. u="f,v=ginC[0,1] where f(x) = x*> and g(x) =1 — x; (f,

/01 f(x

9 = )g(x)dx
4. u=f,v=ginC[—m, 7] where f(x) = 1 and g(x) = cos x; (f, g) = /ﬂ f(x)g(x)dx

Click the arrow to see the answer. /3r

V4 W1
iy , V2 wa .
Problem 5 Leta,ay,...,an be positive numbers. Givenv = | | andw = | |, define (v,w) = aivywy +--- +
Vn Whn
apvpw,. Show that this is an inner product on R".
Problem 6 If{by,...,b,} isabasis of V andifv = viby +--- + v,b, andw = wyby + - - - + w,b,, are vectors in V,

define
(V, W) = Viwy + -« + VoW

Show that this is an inner product on V.

Problem 7 Let re(z) denote the real part of the complex number z. Show that ( ,) is an inner product on C if
(z,w) = re(zw).

Problem 8 /fT :V — V isanisomorphism of the inner product space V, show that
(v, W) = (T(v), T(w))

defines a new inner product ( , )y on V.

Problem 9 Show that every inner product { ,) on R" has the form (x,y) = (Ux) - (Uy) for some upper triangular
matrix U with positive diagonal entries.

Problem 10 In each case, show that (v,w) = v' Aw defines an inner product on R? and hence show that A is
positive definite.



;
Click the arrow to see the answer. (V,V) = 5V2 — 6vyvy + 2V3 = 5l6v - 3w)? + V2]

3 42|23 2
2 3
4 A= |8 4
4 6

1
Click the arrow to see the answer. (v,V) = 3VZ + 8vy vy + 6V3 = 3l@vi + 4vp)? + 23]

Problem 11 In each case, find a symmetric matrix A such that (v,w) = v’ Aw.

V- w-

1. ! , ! = ViW +2V1 Wo +2V2W1 +5V2W2
Vo Wo
V- w-

2. ! s ! =WViWg — ViWo — VoWy +2V2W2
V2 w2

Click the arrow to see the answer. [ ; _? ]

V4 Wy
3. < vo || w >=2V1W1+V2W2+V3W3—V1W2
V3 W3
— VoWq + VoWs + V3Wo

Vi Wy
4. < Vo s wo > = ViWi + 2VoWo + Sv3ws
V3 W3
— 2V1 W3 — 2V3W1

0o -2
Click the arrow to see the answer. 0 2 0
-2 0 5

Problem 12 [fA is symmetric and x" Ax = 0 for all columns x inR", show that A = 0.

1
Click the arrow to see the answer. By the condition, (X,y) = > (x+y,x+y) =0 forallx,y. Lete; denote column i of
I IfA=[aj], then a; = e] Ae; = {e;,e;} = 0 for all i andj.



Problem 13 Show that the sum of two inner products on V is again an inner product.
Problem 14 Let|ul| =1, |v| =2, |w| =3, (u,v) = —1, (u,w) = 0 and (v,w) = 3. Compute:

1. (V+w,2u—v)

2. (u—2v—w,3w—v)

Problem 15 Given the data in Practice Problem ??, show thatu + v = w.

Problem 16 Show that no vectors exist such that ||u|| = 1,

vl =2, and (u,v) = —3.
Problem 17 Complete Example ??.

Problem 18 Prove Theorem ??.

Problem 19 Prove Theorem ??.

Problem 20 Letu andv be vectors in an inner product space V.

1. Expand (2u — 7v,3u + 5v).

2. Expand (3u — 4v,5u + v).

Click the arrow to see the answer. 15 ||ul|® — 17(u,v) — 4 ||v||?
3. Show that |ju+v|* = |u)® + 2(u,v) + ||v|J°.
4. Show that |ju — v|* = |ul® — 2(u,v) + ||v|°.
Click the arrow to see the answer. ||[u+v||® = (u+v,u+v) = |[u]]® + 2(u,v) + ||v||®
Problem 21 Show that
2 2 1 2 2
VI + liwl™ = 5 {1+ Wil + [Jv — wi|"}

for any v and w in an inner product space.

Problem 22 Let(,) be an inner product on a vector space V. Show that the corresponding distance function is
translation invariant. That is, show that
div,w) =d(v+u,w+u) forallv,w,anduin V.

]
Problem 23 1. Show that (u,v) = Z[||u +V|? = |lu—v||%] for all u, v in an inner product space V.

2. If(,) and ()" are two inner products on V that have equal associated norm functions, show that (u,v) =
{(u,v)’ holds for allu andv.

Problem 24 [etv denote a vector in an inner product space V.
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1. Show that W = {w | w in V, (v,w = 0} is a subspace of V.

1
2. Let W be as in (a). If V = R® with the dot product, and ifv = | —1|, find a basis for W.

2
1 0
Click the arrow to see the answer. 1], (2
0 1

Problem 25 Given vectors Wy, Ws, ..., W, and v, assume that (v,w;) = 0 for each i. Show that (v,w) = O for all w
in span{wy, Wo, ..., Wp}.

Problem 26 IfV = span{vi,Va,...,v,} and (v,v;) = (w,Vv;) holds for each i. Show thatv = w.
Problem 27 Use the Cauchy-Schwarz inequality in an inner product space to show that:

1. If |lul| < 1, then (u,v)? < ||v|* forallv in V.
2. (xcosf +ysin@)? < x? + y? for all real x, y, and .

3. vy + -+ VP < [ Vil + -+ + 1o |[Va||1? for all vectors v;, and all r; > 0 in R.

Problem 28 IfAisa?2 x n matrix, letu andv denote the rows of A.

2
1. Show that AAT = | U7 u-v
u-v v
2. Show that det(AAT) > 0.

Problem 29 1. If v and w are nonzero vectors in an inner product space V, show that —1 <

and hence that a unique angle 0 exists such that

||‘<,‘|I|’ |‘|N“>'|| =cosf and0 < 0 < 7. This angle 0 is called the angle between v and w.
1 2
2 1
2. Find the angle betweenv = | —1| andw = |0| inR® with the dot product.
1 2
3 0

3. If8 is the angle between v and w, show that the law of cosines is valid:

2 2
[lv = wi[ = [jv[|* + [lw][" = 2[v] |jw]| cos 6.

oo

Problem 30 IfV = R?, define

11



1. Show that ||-|| satisfies the conditions in Theorem ?2.

2. Show that ||-|| does not arise from an inner product on R? given by a matrix A.

Text Source
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