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A Brief Introduction to R"

1 A Brief Introduction to R”

The set of all real numbers is denoted by R. It is convenient to associate real numbers with points on a line, called
the real number line.

A
Y

The set of all ordered pairs (x, y), where x and y are real numbers, is called R2. Using set notation we write:
R? = {(x,y) : x,y € R}

Geometrically speaking, R? can be associated with a coordinate plane in which we refer to each point by its x and y
coordinates.

The set of all ordered triples (x, y, z), where x, y and z are real numbers, is called R®.
R®={(x,y,2): x,y,z € R}

Geometrically, an ordered triple of R® is associated with a point of a three-dimensional space whose position is given
by x, y and z coordinates.
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Example 1. The following points are shown plotted in R®.

1. P(6,8,7)
2. Q(4,-6,9)
3. R(-3,9,-10)
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, +---e R(—3,9,—10)

Each pair of axes in R® determines a plane. The resulting three planes are called coordinate planes. Each coordinate
plane is named after the axes that determine it. Thus, we have the xy-plane, xz-plane, and yz-plane. Coordinate
planes intersect at the point (0, 0, 0), called the origin, and subdivide R? into eight regions, called octants.
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The set of all ordered n-tuples (x1, Xz, ... , X»), Where x; is a real number for 1 < j < n, is called R".
R = {(x1, X2, ..., Xp)|x; € Rfor1 < i < n}
The point (0, 0, ..., 0) in R" is called the origin.

R" cannot be visualized for n > 3, but many familiar ideas, such as the distance formula, can be generalized to R".

Distance in R”

In this section we will establish a formula for the distance between two points in R”. We begin by observing that
the distance between two numbers (points) x; and x, on the number line is given by |x; — xz|. (Why do we use the
absolute value brackets?).

We can use the Pythagorean Theorem to establish the distance formula for points of R?.

~

B(x2, y2)

ly1 — ol

A~
~

X1 — Xz
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Let A(x1, y1) and B(xz, y») be points in R, By the Pythagorean Theorem we have

AB? = (X1 — x2)% + (y1 — y2)?

AB = /(X1 — %) + (1 — y2)?
Why were we able to drop the absolute value brackets?

The distance formula for points in R® can also be derived using the Pythagorean Theorem. Let A(xi, y1,2¢) and
B(x, ¥, Z) be points of R®. Use the following GeoGebra interactive to walk through the steps of the derivation of
the distance formula. RIGHT-CLICK and DRAG to rotate the image.

Access GeoGebra interactives through the online version of this text at
https://ximera.osu.edu/linearalgebradzv3/LinearAlgebralnteractivelntro.

Let points A'(x1, y1,0) and B'(x2, y», 0) be projections of A and B onto the xy-plane. By the distance formula in R2,
the distance between A and B' is

AB = /(X — xa)2 + (1 — ya)?

Let C = (x2, y», 21). Observe that AABC is a right triangle with AC = A'B’, and BC = |z; — z|. By the Pythagorean
theorem we have

2
AB? = AC? + BC? = (\/(X1 —X2)?+ (1 — Y2)2) +(z1— 2 = (X — %)+ (1 — o) + (21 — 22)°
This gives us the following formula.

Formula 1. Let A(x;, y1, z1) and B(Xs, ¥, Z5) be points in R®. The distance between A and B is given by

AB = /(X — X2+ (V1 — Ya)? + (21 — 22)?

Observe the similarity of pattern in the distance formulas for R', R? and R3. We will take advantage of this pattern
to define the distance between two points of R".

Formula 2. Let A(ay, a, ..., a,) and B(by, by, ..., b,) be points in R”. The distance between A and B is given by

AB = /(ai — b1)2 +(a — Do) + ... + (@n — bp)?

Practice Problems

Problem 1 Find the coordinates of each point.


https://ximera.osu.edu/linearalgebradzv3/LinearAlgebraInteractiveIntro
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Answer:

Problem 2 Find the coordinates of each point. RIGHT-CLICK and DRAG to rotate the image.

Access GeoGebra interactives through the online version of this text at

https.//ximera.osu.edu/linearalgebradzv3/LinearAlgebralnteractivelntro.

Answer:

Al ey ooy e
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2 Introduction to Vectors

What is a Vector?

A scalar is a quantity that has size, often called magnitude, but no direction. For example, temperature, mass and
speed are scalars. In this course, scalars will typically be real numbers, but we will also see complex numbers on a
few occasions.

A vector has magnitude and direction. For example, velocity is a vector because it tells us how fast the object is
traveling and also the direction of travel.

If an object is traveling along a number line, the direction of travel is given by the sign of its velocity (positive or
negative), while the speed is given by the absolute value of the velocity. If the object is traveling in a plane or in
space, direction of travel can be described by an arrow, while the speed can be represented by the length of the
arrow. Graphically speaking, vectors in R? and R® look like this:

~

X

A vector can be denoted by a lower-case letter with an arrow over the top (like this: v ), or a bold lower-case letter
(like this: u).

The magnitude, or length, of a vector is denoted by double absolute value brackets. For example, the magnitude of
u, is denoted by ||ul|. A vector of zero length and no direction is called the zero vector. We denote the zero vector by

0 or 0. Going forward, we will use the terms magnitude of a vector and length of a vector interchangeably.

Sometimes it is convenient to refer to a vector by naming the endpoints of the arrow. In the figure below, point A is

the tail, and point B is the head of the vector.
/ B

A

We refer to this vector as /@

Vectors in Standard Position

Vectors that point in the same direction and have the same length are said to be equivalent. For example, vectors u,
v and w in the figure below are equivalent. We write u = v = w.

10
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For the purpose of developing standard, convenient notation, we observe that every vector is equivalent to some
vector whose tail is at the origin. Vectors with tails at the origin are said to be in standard position. We will refer to
each vector in standard position by the coordinates of its head. For example, a vector in standard position whose

head is located at the point (2, 1) will be referred to as

/H/vv

. : : 2 . 2 . ,
Vectors u, v and w in the figure are equivalent to vector nE We writeu=v=w= nE Number 2 is called the first
component of the vector (or the x-component) while number 1 is the second component (or the y-component). The

form f is called the component form.

2| . . - . .
Vector ) is an example of a column vector. Occasionally, we will find that representing this vector as a row vector

[2, 1] is more convenient.

Column (or row) representation of vectors in component form allows us to go beyond the physical and geometric
definition, and think of vectors more abstractly as arrays of numbers.

Our next goal is to find a process for writing any vector in the coordinate plane in component form.

Example 2. Consider vector v shown below. We will express v in component form.

11
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/

Explanation. Note that the vector has a “run” of 2 and a “rise” of 3. If we construct a vector with tail at the origin, a
“run” of 2 and a “rise” of 3, we will have a vector in standard position equivalent to vector v.

;

/

The component form for the vector we constructed is lﬂ . This gives us v = [ﬂ .

The approach we used in Example ?? is applicable to specific vectors that can easily be visualized. What we need
now is an algebraic approach that can be generalized to higher dimensions and more abstract situations.

Let’s return to vector v of Example ??. Suppose we were to slide vector v into standard position. Consider what
would happen to the tail of v as we do so.

12



What happens to the tail of the vector has to happen to the head

(2,3)

Introduction to Vectors

We subtracted 2 from the x-coordinate and added 1 to the y-coordinate of the tail. To find the new location of the
head we subtract 2 from the x-coordinate of the head, and add 1 to the y-coordinate of the head. This gives us

(4 — 2,2 +1). So, the new location of the head is (2,3), and v = E] .

If you look back at what we did you will find that the components of v were computed by subtracting the coordinates

of the tail from the coordinates of the head

Li_(—zn] ) lﬂ

The following diagram summarizes and generalizes our findings.

—a ! B(b1, by)
.Y
B'(by — a1, b, — a)
—ao 3 A(ay, a)
.Y
A'(0,0)

Let A‘B? be a vector in R?, with tail at point A(ay, a) and head at point B(by, bo). As we slide /@ into standard position
by moving point A to the origin, point B travels along with point A by undergoing the same horizontal and vertical

shifts. We now have an equivalent vector A’B’ in standard position. The diagram suggests the following formula.

Formula 3 (“Head - Tail” Formula in R?). Suppose a vector’s tail is at point A(a;, a») and the vector’s head is at

B(b1, bo), then

e
b, — az

(1)

13



Vectors in R3

Definitions of standard position and component form for v

Introduction to Vectors

ectors in R® are analogous to their counterparts for vectors

in R2. For example, vector OP in the figure below, is in standard position and can be written in component form as

6
O¢= 10| .

7

If a vector is not in standard position but the location of its head and tail are known, a three-dimensional version of
the “Head - Tail” formula can be used to express the vector in component form.

Formula 4 (“Head - Tail” Formula in R3). Suppose a vector’s tail is at point A(a;, a, as) and the vector’s head is at

14
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B(by, bz, bs), then

b1—a1
AB=|b,— a )
bz — a3

Vectors in R”

We cannot see R” for n > 3, but we can conceptualize it by generalizing what we know about R? and R®. A vector v
Vi
. . . o &
in standard position whose head is located at (v, o, ..., v,) can be written in component form as v =
Vn
Recall that we defined the zero vector as a vector that has length 0 and no direction. In component form, the zero
vector is a vector all of whose components are 0.

We conclude this section by stating the generalized “Head - Tail” formula.

Formula 5 (“Head - Tail” Formula in R"). Suppose a vector’s tail is at point A(a, as, ..., a,) and the vector’s head is
at B(by, b, ..., by), then

b1—a1
b, — a

AB- | (3)
b, — a,

Practice Problems

Problem 4 Express each vector in component form.

1. Vectorv has a tail at (—2,4) and a head at (4, 5).

Problem 5 Express vectorv shown in the figure in component form if the magnitude (length) of v is 5.

15
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G

Answer:

Problem 6 LetA(—2,3), B(3,1) and C(—1,—1). Find point D such that AB = CD.

Answer:
D(.....,......)

16



3 Standard Unit Vectors in R”

Standard Unit Vectors in R? and R®

A unit vector is a vector of length 1. A unit vector in the positive directi

vector. There are two standard unit vectors in R2. The vector i = l;l

-

parallel the y-axis.

Standard Unit Vectors in R"

on of a coordinate axis is called a standard unit

is parallel the x-axis, and the vector j = [ﬂ is

1

J

Vector names i and j are reserved for standard unit vectors in the direction of x and y axes, respectively. We chose
to express i and j as column vectors, instead of row vectors, because the context in which we will encounter them in
the future will require them to be column vectors. You may see them presented as row vectors in a different course.

There are three standard unit vectors in R®:

17
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A Vector as a Linear Combination of Standard Unit Vectors

3
Every vector in R? and R® can be written as a sum of scalar multiples of i, j and k. For example, if v= | —2|, then
7
3 3 0 0 1 0 0
v=|—-2| = |0| +|—-2| + |0 =3 |0| +(—2) [1]| +7 |0| =3i —2j+7k
7 0 0 7 0 0 1

The expression 3i — 2j + 7k is called a linear combination of i, j and k.

Standard Unit Vectors in R”

When working with vectors in R”, we often use a different notation to denote the standard unit vectors.

Definition 1. Let e; denote a vector that has 1 as the i component and zeros elsewhere. In other words,

0
0

e =

0

where 1 is in the i position. We say that e; is a standard unit vector of R".

Practice Problems

Problem 7 Express the given vector as a linear combination of appropriate standard unit vectors.

Answer:

18



Standard Unit Vectors in R"

Answer:

Problem 9 Express the given vector in component form.
u=i+3j

is a vector in R?.

Answer:

Problem 10 Express the given vector in component form.

V= —j+5k
is a vector in RS.

Answer:

Problem 11 Express the given vector in component form.

wW=e; —2e3+4e,
is a vector in R*.

Answer:

19
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4 Unit Vector in the Direction of a Given Vector

Recall that a unit vector is a vector of length 1. Given a non-zero vector v, we can find a unit vector in the same

direction by multiplying v by an appropriate scalar. For example, if v = Z] and ||v|| = 3, then a unit vector u in the

same direction is given by u = a/3 = a/ |Vl .
b/3] b/ vl

a
V=
b ,,,,,,,,,,,,,,
vl =3 !
a
a
V=
b ,,,,,,,,,,,,,,
.1 |
—b|---_ |
3 \ |
1 a
—a
3

In general, dividing a non-zero vector by its own magnitude produces a unit vector in the same direction. We
summarize this observation in a theorem.

V4

Vo
Theorem 1. Letv = | | be a non-zero vector in R". Vector u given by

Vn
w/ vl
1|/
K .
v/ IV

is a unit vector in the direction of v.

20
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Proof Because U is a positive scalar multiple of v, u points in the direction of v. We now show that |juf| = 1.

Jul| =
. V24 VE+ .+ V2
vl Ve !
_ vl
vl
2
-3
Example 3. Find a unit vector in the direction of v= | 1
0

Explanation. We first compute ||v||.

mj“)i () s

()

V][ =vV4+9+1+1=+15

By Theorem 2?2,
2/v/15
-3/v15

1
ol O v

1/4/15

Practice Problems

Problem 12 Find a unit vector in the direction of the given vectorv.
-3
V =
4

Enter exact answers. No decimal approximations.

-3

21
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Answer: u =

Problem 14 Letv= | 1 |. Applythe concepts from this section to find a vectorw that points in the same direction

V7

as v and whose length is 5.

Enter exact answers. No decimal approximations.

Answer: W =

22
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5 Dot Product and its Properties

Definition 2. Let u and v be vectors in R”. The dot product of u and v, denoted by u - v, is given by

uy
uz
u .
un
-2 i
Example 4. Findu-vifu=| 0 | andv =
1 L
Explanation. )
-2 3
u-v= |0 2
1 —4]

2]
Vo
= U1V + UsVo + ... + UpVp.

Vn
3
2
—4
= (~2)(3) + (0)(2) + (1)(~4) = —6 — 4 = —10

Note that the dot product of two vectors is a scalar. For this reason, the dot product is sometimes called a scalar

product.

Properties of the Dot Product

A quick examination of Example ?? will convince you that the dot product is commutative. In other words, u-v = v-u.
This and other properties of the dot product are stated below.

Theorem 2. The following properties hold for vectors u, v and w in R"” and scalar k in R.

1.u-v=v-u
2. (U+v)-w=u-w+v-w

.u-(V+w)=u-v+u-w

.u-u>0,andu-u=0ifandonlyifu=0.

3
4. (ku)-v=k(u-v)=u-(kv)
5
6

2
ulf = u-u

We will prove Property ??. The remaining properties are left as exercises.

23
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Proof of Property ??:
Uy V4 Wy u + vy Wy
Us Vo Wo Us + Vo Wo
CRR R I S e B e -
Up Vi Whp Un+ Vp Whn

(uy + vi)wy + (Uo + Vo)Wa + ... + (Up + Vi)W,

UiWy + VW + UoWo + Voo + ... + UpWp + VW)

= (L1Wy + UaWa ... + UpWp) + (Vi Wy + VoWs + ... + VaWp)

Uy Wi V4 Wy
up Wo Vo (7]

- . + . =U-W+V-W
Up Wn Vn Wn

We will illustrate Property ?? with an example.
-2 .
Example 5. Letu = [ ] . Use u to illustrate Property ?? of Theorem ??.

Explanation.

lull* = (—2)* + 8% = (=2)(—2) + (3)(3) = [‘32] : [—21 _u.-u

If we take the square root of both sides of the equation in Property ??, we get an alternative way to think of the length
of a vector.

Corollary 1 (Length of a Vector). Let v be a vector in R", then the length, or the magnitude, of v is given by

Ivll=vv-v
Practice Problems
Problem 15 Find the dot product ofu and v if

—1 2

-2 -2

u= , V=

5 -3

4 1
Answer:

u-v=....

24
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Dot Product and its Properties

Problem 16 Find the dot product ofu andv if

Answer:
u-v=....
2
Problem 17 Use vectoru = | 5 | toillustrate Property ?? of Theorem ??.
-7

Problem 18 Prove Properties ??, ??, ??, ?? and ?? of Theorem ??.
Problem 19 From the given list of vector pairs, identify ALL pairs of vectors that lie on perpendicular lines.

Select All Correct Answers:

Compute u - v for each pair. What do you observe?

1 . .
Problem 20 1. Vector u parallel to the line y = mx has the formu = k l ] . Assuming that m # 0, find the
m
general form for a vector v perpendicular to y = mx.
2. Findu-v.

3. What is true about the dot product of perpendicular vectors?

25
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6 Dot Product and Angle

Given two vectors u and v, let 6 be the angle between them such that 0 < 6 < 7. We will refer to 6 as the included
angle.

The following theorem establishes a relationship between the dot product and the included angle.

Theorem 3. Let u and v be vectors in R”, and let # be the included angle. Then

u-v = ulf v cos 6

Proof  Consider the triangle formed by u, vand u — v.

By the Law of Cosines we have:
lu = v = [jul]* + v]|* = 2]Jull |v]| cos &
By Theorem ???? of Dot Product and its Properties
U—Vv)-(u—v)=u-u+v-v—_2|ul|v|cosd
By Theorem ???? of Dot Product and its Properties
U=v)-u—(Uu—v)-v=u-u+v-v—_2|ul|v|cosd
By Theorem ???? of Dot Product and its Properties
U-u—Vv-u—u-v+v-v=u-u+v-v—2|ullv| cosd

By Theorem ???? of Dot Product and its Properties

~2(u-v) = — 2 |ul| |v] cos §
u-vs=|lulv| cosé

26
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Dot Product and Angle

2 1
Example 6. Find the included angle between vectorsu= | —1| andv= | 2
4 -3
. u-v
Explanation. By Theorem ??, cos 6 = W

u-v=2-2-12=-12

lul = V4+1+16 = V21
V]| =V1+4+9=+V14

cos —12
T V2114
0 ~ 134.4°

Orthogonal Vectors
Definition 3. Let u and v be vectors in R". We say u and v are orthogonal ifu - v = 0.

We can use Theorem ?? to show that two non-zero orthogonal vectors of R" are simply perpendicular vectors (the
included angle is 90°). To see this, suppose that u - v = 0 for nonzero vectors u, v. Then from Theorem ?? we have

0 = [Ju] [|v[| cos 6.
Since u, v are nonzero vectors, we have 0 = cos 6, which implies 6 = 90°. The converse also holds. If § = 90°, then
the dot product is clearly 0.

The reason we prefer the term “orthogonal” to “perpendicular” in this course is because R” is only one example of
a vector space, and the dot product is only one example of a more general product, called an inner product. For
vectors in R” a zero dot product happens to coincide with the geometric idea of perpendicularity, but there are many
vector spaces that do not possess the visual geometry of R”. (Later in the text, you will encounter vector spaces
whose vectors are polynomial functions!) In these more abstract settings, a zero inner product still signals a special
relationship between vectors. The term orthogonal captures this relationship.

Remark 1. By our definition, the zero vector is orthogonal to any vector. However, we will not use the word perpen-
dicular when the zero vector is involved, as it is not possible to talk about an “included angle”.

Practice Problems

Problem 21 Find the degree measure of the included angle, 0 for each pair of vectors. Round your answers to the
nearest tenth.

: H and m.

Answer: 0 = ... ...

27
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o L
2 2 | and | 1
L 4 . __1_
Answer: 0 = ... ... °
o ]
3. |-38| and | -2
L 1 . L 4 .
Answer: 0 = ... ... °

Problem 22 What does the sign of the dot product tell us about the included angle?

2
a 1
Problem 23 Find all values of a so that |2a| is orthogonal to |2 |. List your answers in increasing order.
1 3

Answer: ......,.......

Problem 24 Find the value of x for which the vector X4 is parallel to the vector 2 . What is the measure of

the included angle, 6 ? Find the measure of the included angle using Theorem ??. Do the two results agree?

Answer:

Problem 25 Prove thatifu is a unit vector, thenu -u = 1.

Problem 26 Prove thatifuy andu, are unit vectors, then —1 < uy - Us < 1. In what cases are the extreme values
of 1 and —1 attained?

Problem 27 Imagine a clock with hands represented by vectors m and h, as shown below. At what whole hour will
m - h attain its maximum value? At what whole hour willm - h be as small as possible?

\{L/
X h v
-

/N

28
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Answer:
m - h is greatest at ... ... : 00 o’clock

m - h js smallest at ... ... : 00 o’clock

Photo Credits

The following images are courtesy of Wikimedia Commons

Hannes Grobe, Wall clock manufactured by Telefonbau & Normalzeit. CC-BY 3.0
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Parametric Equations of Lines

7 Parametric Equations of Lines

At this point you should be very familiar with graphing linear equations of the form y = mx + b, where m is the slope
of the line and b is the y-intercept. Unfortunately, there is no equivalent way of representing lines in R®, or better yet,
R”. In this section we will develop an alternative way of representing lines.

Parametric Lines in R?
Exploration 28 Imagine a ladybug crawling around a plane. At every instant in time, the ladybug’s position in the

plane can be described by an ordered pair (x, y). Coordinates x and y are functions of time. Suppose the position
of the ladybug at time t is given by:

x=2t—1
y=-3t+6

Our goal is to sketch the path of the ladybug during the time interval 0 < t < 3. To do this we will make a table of
values, just like you did when you first started sketching graphs of functions.

t| x y
0|—-1| 6
111 3
21 3 0
3| 5|8

The point (x, y), corresponding to each value of t is the location of the ladybug in the coordinate plane at time t.

~
]
o

30



Parametric Equations of Lines

3
It appears that the points corresponding to t = 0,1, 2,3 lie on a line with slope —3 In the next problem we will find
the equation of the line that contains the path of the ladybug.

Exploration 29 In Exploration ?? we considered equations

x=2t—1

y=-3t+6
that described the path of a ladybug in the plane. We will now consider these equations in a broader context as
simply describing a curve in the plane. We conjectured that the curve described by these equations is a line with

3
slope 3 We will now find the equation of this line.

One approach to finding the equation is to solve one of the given equations for t, then substitute into the other
equation. Solving x = 2t — 1 for t gives us

t=_—x+_
2" "2

Substituting this expression into y = —3t + 6 we get
1 1 3 9
y=3<2X+2)+6=2X+2

3 9
Plotting the line y = — EX + 5 together with the path we plotted earlier, we see that our original path lies on the line.

3 9
If we do not restrict t to values between 0 and 3, we can get every point on the line y = _EX + >

31



Parametric Equations of Lines

Equations such as

x=2t—-1
y=-3t+6
are called parametric equations, and t is called a parameter.

When given an equation of the form y = mx + b, we recognize it as an equation whose graph is a line and we don’t
need to make a table of values to sketch the graph of the equation. We should be able to do the same for parametric
equations of lines. In the next Exploration we will examine our equations carefully to see if we can discern any
patterns that would help us plot the line without making a table of values.

Exploration 30 Let’s return to parametric equations from the previous problem.

x=2t—1
y=-3t+6

Consider the table of values we constructed in Exploration ??.

] x y
0| —-1]| 6
1 1 3
2| 3 0
3| 5|3

Observe that every time t increases by 1, x increases by 2 and y decreases by 3. An increase by 2 in the x-coordinate
combined with a decrease of 3 in the y-coordinate corresponds to the coefficients 2 and —3 of t in the parametric

2
equations. Our findings are in agreement with the fact that the slope of the line is —3

We will capture the “rise” and “run” aspect of the line by using vectorv = [ 23] . Sketching v together with the line,

we find that the vector is parallel to the line.
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Parametric Equations of Lines

y=_§X+§

Vector v is called a direction vector. Observe that the components of v are the coefficients of t in the parametric
equations.

x=2t—1

y=-3t+6
Next, let’s turn our attention to constants —1 and 6. They are the values of x and y when t = 0, and correspond to
the point (—1, 6).

Recall that in Exploration ?? we said that the given parametric equations describe the position of a ladybug crawling
in the coordinate plane. If we are concerned with the position of the ladybug at time t, the point (—1,6) is very
important - this is where the bug is located when t = 0. But, if we are using parametric equations simply to describe

3 9 , . .
the line y = fgx * 5 without regard for when the bug is located at each point, then the point (—1,6) is not any

more special than any other point on the line. In fact, we can use any other point on this line to find another set of
parametric equations that describe the same line. In Practice Problem ?? you will be asked to show that equations

X=2t+1
y=-3t+3

describe the same line. Thus, parametric representations are not unique.
We can generalize our observations in Exploration ?? as follows.

Formula 6. Letv = Z be a direction vector for line /, and let (xo, yo) be an arbitrary point on /. Then the following

parametric equations describe /:
X =at+ X

y=bt+y0
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Example 7. Find parametric equations for line / if / contains the point (2, —5) and is parallel to line k with parametric
equations

x=3t+4
y=-8t+1

Explanation. To find a set of parametric equations for /, we need a point on / and a direction vector. Point (2, —5) is

on /. Line / is parallel to k, so we can use [ 38] , a direction vector for k, as a direction vector for /. This gives us the

following parametric equations for /:

x=3t+2
y=-8t-5

Parametric Lines in R®

Exploration 31 Consider the following set of parametric equations

X=4t+1
y=8t—3
z=5t+1

We will begin by making a table of values.

2 9 13 | 11

Observe that every time t increases by 1, x increases by 4, y increases by 8, and z increases by 5. The pattern “out
4, over 8, up 57 is illustrated in the diagram.
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4
We will use a direction vectorv = | 8| to represent the direction of the line. Note that the components of v are the

5
same as the coefficients of t in the parametric equations.

X =4t+1
y=8t—3
z=5t+1

Also, observe that the constants 1, —3, 1 correspond to the coordinates of the point on the line for which t = 0.

X=4t+1
y =8t+(—3)
Zz=5t+1

As before, the point (1, —3, 1) may be replaced with any other point on the line to produce a different set of parametric
equations describing the same line.

We can generalize our observations in Exploration ?? as follows.

a
Formula 7. Let v = |p| be a direction vector for line /, and let (xo, ¥o, Z0) be an arbitrary point on /. Then the

c
following parametric equations describe /:

X =at+Xxp
y=bt+y0
z=ct+ 2z

Example 8. Find a set of parametric equations for a line in R® that passes through (1, —2, 4) and (—3, 1, 1).

Explanation. We need a point and a direction vector. To find the direction vector we will use the “head-tail” formula
(Formula ??) to find the vector whose tail is at (1, —2, 4) and whose head is at (—3, 1, 1). The direction vector is

—3—1 —4
1-(-2)| =13
1-4 -3

For our point, we can pick either of the two given points. The equations will differ depending on the point we pick, but
they will describe the same line. Remember, parametric representations are not unique! If we choose (1, —2, 4) for
our point we get the following set of parametric equations:

=—4t+1
y=3t-2
z=-3t+4
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Parametric Lines in R”

After working with parametric equations of lines in R? and R?, it should be easy to surmise what parametric equations
of lines look like for lines in R".

Vi

Vo
Formula 8. Letv = | | be a direction vector for line / in R”, and let (ay, a, ..., @,) be an arbitrary point on /. Then

Vn
the following parametric equations describe /:

Xi = vil + aq

Xo = Vol + &

Xn = Vpt + ap

From Parametric Equations to Vector Equations

Consider again the parametric equations from Exploration ??.

x=2t—1
y=-3t+6

These equations describe the line by providing coordinates of individual points on the line, as shown in the left figure
below.

~
1l
o
~
1l
o

If we consider the points on the line to be heads of vectors, then we can think of the line as being “traced” by a vector
as t changes (See above, right). We can capture this algebraically by using a vector equation for the line:

o= |7 1))
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23] and the point (—1, 6), now vector [ 5

Note that the direction vector [ ] , are easy to identify in the equation.

We can use vector equations to describe lines in R” using the following formula.
Vi

Vo
Formula 9. Letv = | | be adirection vector for line / in R”, and let (ay, a, ..., @,) be an arbitrary point on /. Then

Vn
the following vector equation describes /:
Vi a
Vo ao
x(f) = t+ | .
Vn an

Practice Problems

Problem 32 In Explorations ??, ?? and ?? you encountered a set of parametric equations

x=2t—-1
y=-3t+6

Show that the following parametric equations describe the same line.

x=2t+1
y=-3t+3

Problem 33 Find two different parametric representations for a line with slope 3 and y-intercept (0, —4).

Problem 34 Suppose line | has a parametric representation:

Xy =1t+3
Xo=t—4
X3 = 3t

X4 =7t+1

Find the missing components for the two vectors below if we know that both vectors can be considered direction
vectors for line I.
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8 Planesin R

You are probably familiar with the expression “two points determine a line.” This means that given two distinct points,
there is exactly one line that passes through both of them. There are other ways to describe a line. For example, as
we saw in Parametric Equations of Lines, a single point together with a direction vector also determine a line.

You are probably also familiar with the fact that three non-collinear points determine a plane. (This is why photogra-
phers use tripods for stability, while four-legged chairs often wobble!) Is there another way to determine a plane?

The diagram below shows several planes perpendicular to vector n. In fact, there are infinitely many such planes.
Vector n does not determine a plane, but if we know of a point P contained in the plane, then together, P and n
describe a unique plane.

Definition 4 (Normal Vector). A nonzero vector n is called a normal for a plane if it is orthogonal to every vector in
the plane.

Example 9. The standard unit vector k is orthogonal to every vector in the xy-plane, therefore it is a normal for the
xy-plane.

Given a point Py = Py(xo, Yo, Zo) and a nonzero vector n, there is a unique plane through Py with normal n.
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Po(Xo, Yo, 20) ®

This fact can be used to give a very simple description of a plane. Observe that a point P = P(x, y, z) lies on this
plane if and only if the vector ﬁ is orthogonal to n (i.e. P lies in the plane if and only if n - PoP = 0).

Px,y,2)

/ n
Po(Xo0, Yo, Z0)

a X — Xo
Letn = | p|. By “head-tail” formula (Formula ??), we have: ﬁ = |y —yo|- So, P(x,y,z) lies in the plane if and

c zZ— 2
only if
a X — Xp
bl - |y—yo| =alx—X)+b(y —yo) +c(z—2)=0
c Z— 2

We summarize this result as a theorem.

Theorem 4. The plane through Py(xo, Yo, Zo) with a normal vector

a
n=|p| #0
c
is given by
a(x — xo) + b(y — yo) + ¢(z — 20) = 0 (4)
3
Example 10. Find an equation of the plane through Py(1, —1,3) withn = | —1 | as a normal vector.
2

Explanation. Here the equation becomes

3x—1)—(y+1)+2(z—3)=0
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This simplifies to 3x — y + 2z = 10.

GeoGebra interactive below shows the plane, together with point Py and the normal vector. RIGHT-CLICK and DRAG
to rotate the image for a better view.

Access GeoGebra interactives through the online version of this text at

https://ximera.osu.edu/linearalgebradzv3/LinearAlgebralnteractivelntro.

As demonstrated in Example ??, we can distribute coefficients a, b and ¢ of equation (??) as follows:
ax —axg+by —byg+cz—czy=0

a
Setting d = axg + byy + ¢z, shows that every plane with a normal vector n = | p| has a linear equation of the form
c

ax+by+cz=d (5)

a
for some constant d. Conversely, the graph of this equation is a plane with n = | p| as a normal vector (assuming

c
that g, b, and c are not all zero).

Example 11. Find an equation of the plane through Py(3, —1, 2) that is parallel to the plane with equation 2x—3y = 6.

2
Explanation. The plane with equation 2x — 3y = 6 has a normal vector n = | —3|. Because the two planes are

0
parallel, n serves as a normal for the plane we seek, so the equation is 2x — 3y = d for some d by (??). Insisting
that Py(3, —1, 2) lies on the plane determines d; thatis, d =2 - 3 — 3(—1) = 9. Hence, the equation is 2x — 3y = 9.

GeoGebra interactive below shows the two planes, together with point P, and the normal vector. RIGHT-CLICK and
DRAG to rotate the image for a better view.

Access GeoGebra interactives through the online version of this text at

https://ximera.osu.edu/linearalgebradzv3/LinearAlgebralnteractivelntro.

Linear Equations and their Graphs: From Lines to Hyperplanes

An equation of the form ax + by = d is a linear equation whose graph is a line in R?. If we solve for y in terms of x, we
. - . . a d L a
obtain a more familiar form of this equation, y = _BX + 5 The slope of the corresponding line is m = 5 Observe

that a line perpendicular to this line has the slope . If we interpret a as a horizontal “run” and b as a vertical “rise”,

we see that the vector Z is perpendicular to the line ax + by = d. You can use the following GeoGebra interactive

to solidify your understanding of this.
Access GeoGebra interactives through the online version of this text at

https://ximera.osu.edu/linearalgebradzv3/LinearAlgebralnteractivelntro.
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The idea of coefficients in front of variables forming components of a normal vector should be very familiar to you.
a

Recall that the graph of ax + by + cz = d is a plane in RR® with a normal vectorn = |p|.
c

Lines and planes may seem very different, but they are all graphs of linear equations, just in different dimensions. In
general, an equation of the form
ai Xq +82X2+~"+aan=d

is called a linear equation in n variables. The graph of such an equation, for n > 3, is called a hyperplane. The
vector in R"” whose components are the coefficients ay, ao, ..., a, is orthogonal to every vector in the hyperplane.
Unfortunately, hyperplanes are impossible to see, but we can often use insights we gain from working with lines and
planes and generalize them to the invisible world of higher dimensions.

Practice Problems

Problem 35 Find an equation of the form ax + by + cz = d for the plane described below.

2
The plane has a normal vectorn = | —3| and the plane passes through the point (4,4, —3).

Answer:

Problem 36 Find an equation of the form ax + by + ¢z = d for the plane described below.
The plane contains the point (—1, 3, 0) and is parallel to the plane described by 2x — 5y +4z =7.

Answer:

Problem 37 Find an equation of the form ax + by + ¢z = d for the plane described below.
The plane contains the point (2,0, 5) and is parallel to the xz-plane.

Answer:

Problem 38 How many planes satisfying the given conditions are there?

-9
Containing points (1,2, 3) and (4,5, 6), and having a normal vectorn = | —9]|.
-9
Multiple Choice:
1.0
2.1
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3. Infinitely Many

Problem 39 How many planes satisfying the given conditions are there?
Containing (0,2,4), (—1,5,3), (4,9,1).

Multiple Choice:

1. 0
2.1

3. Infinitely Many

Problem 40 How many planes satisfying the given conditions are there?
Planes containing (—1,3,5), (1,3,6), (3,3,7).

Multiple Choice:

1. 0
2. 1

3. Infinitely Many

Text Source
The text in this section is an adaptation of Section 4.2 of Keith Nicholson’s Linear Algebra with Applications. (CC-BY-

NC-SA)
W. Keith Nicholson, Linear Algebra with Applications, Lyryx 2018, Open Edition, p 233-234.

42


https://open.umn.edu/opentextbooks/textbooks/linear-algebra-with-applications

Introduction to Systems of Linear Equations

9 Introduction to Systems of Linear Equations

You are probably familiar with the concept of a system of linear equations and with some methods for solving such
systems. In this section, we will look at the algebra and geometry of finding and interpreting solutions of systems of
linear equations. We will start with two-variable and three-variable systems, then move on to systems involving more
variables.

Algebra of Linear Systems

When you were first introduced to systems of equations, you learned to solve for one variable in terms of the other(s),
then substitute. Here, we will introduce another method. This alternative method involves adding multiples of one
equation to another equation in order to eliminate one of the variables. This method will form the foundation for an al-
gorithm we will develop for solving linear systems and performing other computations related to systems. Exploration
?? illustrates how the second method works.

Exploration 41 The purpose of this problem is to formalize what you may already know (perhaps under a different
name) about elementary row operations as means of solving systems of linear equations. Consider the system

—4
]

2x — y

3x + 2y

We will begin by adding twice the first row to the second row, and replacing the second row with the sum.

R +2Ry — Rs
2x — y = -4
x + 0y = -7

Note that this step eliminates y from the second equation.

Next we divide both sides of the second equation by 7.
1
7 Re — R

2x — y = —4
X = —1

We now know what x is. Our next goal is to eliminate x from the first equation. To this end, we subtract twice the
second row from the first row and replace the first row with the difference.

R1 —2R2 — R1

0x — y = =2
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Next we multiply both sides of the first equation by —1.
—R1 — H1

y = 2
X = —1

Finally, we can switch the order of equations in order to display x in the top row.

R1 (—)Rg

This solution can be written as an ordered pair (—1, 2).

In Exploration ?? we introduced elementary row operations and the notation associated with them. We now make
these definitions formal.

Definition 5 (Elementary Row Operations). The following three operations performed on a linear system are called
elementary row operations.

1. Switching the order of equations (rows) i and j:

R,'(-)Rj

2. Multiplying both sides of equation (row) / by the same non-zero constant, k, and replacing equation i with the
result:
kR; — R;

3. Adding k times equation (row) / to equation (row) j, and replacing equation j with the result:
Rj + kR, — Rj
As we applied elementary row operations to the system in Exploration ??, the system changed, but a quick check

will convince you that all six systems have the same solution: (—1, 2). The six systems are said to be equivalent.

It turns out that if a system of equations is transformed into another system through a sequence of elementary row
operations, the new system will be equivalent to the original system, in other words, both systems will have the same
solution(s). We will formalize this statement as Theorem ?? at the end of this section.

Example 12. Solve the system of equations using elementary row operations.

3x — y + z = 0
2x + Yy + 2z =
X + 4y — 2z = 11
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Explanation. It may be daunting to think about how to begin. But keep in mind the desired end-result. What we
want is to use elementary row operations to transform the given system into something like this

X = a

z = C

We will accomplish this by using a convenient variable in one row to “wipe out” this variable from the other two rows.
For example, we can use x in the third equation to wipe out 3x in the first equation and 2x in the second equation.
To do this, multiply the third row by —3 and add it to the top row, then multiply the third row by —2 and add it to the

second row. We now have:
R;—3R;

— Ox — 18y + 7z = -33
2R 0x — 7y 4+ 6z = -20

X + 4y - 2z = M

In the previous step x was a convenient variable to use because the coefficient in front of x was 1. We no longer
have a variable with coefficient 1. We could create a coefficient of 1 using division, but that would lead to fractions,
making computations cumbersome. Instead, we will subtract twice the second row from the first row. This gives us:

2R ox + y — 5z = 7
Ox — 7y + 6z = =20
x + 4y — 2z = 11

Next we add seven times the first row to the second row, and subtract four times the first row from the third row.

0x + y — 5z = 7
BB ox 4+ Oy — 29z = 29
FotR x &+ 0y + 18z = —17

Now we divide both sides of the second row by —29.

Ox + y — 5z = 7
1
"= ox o+ Oy + oz o= —1
x + Oy + 18z = -—-17

Adding 5 times the second row to the first row and subtracting 18 times the second row from the third row gives us

FdB ox 4 y + 0z = 2
ox + 0y + z = -1
Rr18R x4+ 00 y + 0z = A1

Finally, rearranging the rows gives us

1]
-

x + 0y + 0z
0x + y + 0z
Ox + Oy + =z

o
)
L
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Thus the system has a unique solution (1,2, —1).

At this point you may be wondering whether it will always be possible to take a system of three equations and three
unknowns and use elementary row operations to transform it to a system of the form

X = a

z = ¢
The short answer to this question is NO. The existence of an equivalent system of this form implies that the original
system has a unique solution (a, b, ¢). However, it is possible for a system to have no solutions or to have infinitely
many solutions. We will study these different possibilities from an algebraic perspective in subsequent sections. For
now, we will attempt to gain insight into existence and uniqueness of solutions through geometry.

Geometry of Linear Systems in Two Variables

Exploration Problem ?? offers an example of a linear system of two equations and two unknowns (variables) with a
unique solution.

2x — y = -4
3x + 2y = 1

Geometrically, the graph of each equation is a line in R2. The point (—1, 2) is a solution to both equations, so it must
lie on both lines. The graph below shows the two lines intersecting at (—1, 2).

3x+2y =1 2x —y=—4

Given a system of two equations with two unknowns, there are three possible geometric outcomes.

« First, the graphs of the two equations intersect at a point. If this is the case, the system has exactly one
solution. We say that the system is consistent and has a unique solution.
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B(

\
/

+ Second, the two lines may have no points in common. If this is the case, the system has no solutions. We say
that the system is inconsistent.

N\

« Finally, the two lines may coincide. In this case, there are infinitely many points that satisfy both equations
simultaneously. We say that the system is consistent and has infinitely many solutions.

\

Example 13. Solve the system of equations and interpret your results geometrically.

—-2x + y = 3
4x — 2y =5
Explanation. We will use elementary row operations. Adding twice the first equation to the second equation gives
us
—-2x + y = 3
ox — 0y = 11 < Never true
This is where we run into a problem: there are no values of x and y that satisfy the second equation. We conclude
that the system is inconsistent. Plotting the two lines in the same coordinate plane shows that the two lines are
parallel.

47



Introduction to Systems of Linear Equations

—2x+y =3 4x—2y=5

Example 14. Solve the system of equations and interpret your results geometrically.

4x + 3y = 2
X 3 1
+ — = —

il 2

Explanation. To eliminate x from the second equation, we subtract one quarter of the first equation from the second.
This gives us

4x + 3y = 2
0Ox + Oy = 0 < Always true

Unlike the situation in Example ??, any combination of x and y satisfies the second equation. So, any ordered pair
(x, y) that satisfies the first equation will satisfy the second equation. Thus, the solution set for this system is the
same as the set of all solutions of 4x + 3y = 2.

When we plot the two equations of the original system, we find that the two lines coincide.

4x +3y =2

Given a linear system in two variables and more than two equations, we have a variety of geometric possibilities. In
terms of the number of solutions, there are three possibilities.

« First, it is possible for the graphs of all equations in the system to intersect at a single point, giving us a unique
solution.
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\

» Second, it is possible for the graphs to have no points common to all of them. If this is the case, the system is

inconsistent.

™

+ Finally, it is possible for all of the lines to coincide, giving us infinitely many solutions.

Geometry of Linear Systems in Three Variables

In Example ?? we solved the following linear system of three equations and three unknowns

3x -
2X  +
X o+

y
y
4y

+

+

z

/
2

N

0

11

We found that the system has a unique solution (1,2, —1). The graph of each equation is a plane. The three planes

intersect at a single point, as shown in the figure.
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Given a linear system of three equations in three variables, there are three ways in which the system can be consis-
tent.

« First, the three planes could intersect at a single point, giving us a unique solution.

» Second, the three planes can intersect in a line, forming a paddle-wheel shape. In this case, every point along
the line of intersection is a solution to the system, giving us infinitely many solutions.

« Finally, the three planes can coincide. If this is the case, there are infinitely many solutions.

There are four ways for a system to be inconsistent. They are depicted below.
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y 4
General Systems of Linear Equations

Definition 6. A linear equation in variables xi, ..., X, is an equation that can be written in the form
ai X4 +aXo + ...+ apXp = b

where ay, ..., a, and b are constants.

An n-tuple (xq, X, ..., Xn) IS @ solution to the equation a;xy + asxo + ... + a,x, = b provided that it turns the equation
into a true statement. The set of all n-tuples that are solutions to a given equation is called the graph of the equation.
The graph of a linear equation in two variables is a line in R2. The graph of a linear equation in three variables is a
plane in R3. In R, for n > 3, we say that the graph of a linear equation is a hyperplane. A hyperplane cannot be
visualized, but we can still talk about intersections of hyperplanes and their other attributes in algebraic terms.

A linear system of m equations and n unknowns is typically written as follows

aXy + appXo + .. + AaipXp = by
do1Xy + amXo + .. + apXp = bo
amXy + amXo + .. + ampXn = bm

A solution to a system of linear equations in n variables is an n-tuple that satisfies every equation in the system. All
solutions to a system of equations, taken together, form a solution set.

Definition 7. Two systems of linear equations are said to be equivalent if they have the same solution set.

Recall that to solve systems of equations in this section, we utilized three elementary row operations. These opera-
tions are:

1. Switching the order of two equations
2. Multiplying both sides of an equation by the same non-zero constant
3. Adding a multiple of one equation to another
Theorem 5. Given a system of linear equations, any of the three elementary row operations performed on the system

produces an equivalent system.

Proof  Clearly, the order of equations does not affect the solution set, so ?? produces an equivalent system. Next,
you learned years ago that multiplying both sides of an equation by a non-zero constant does not change its solution
set, which establishes that ?? produces an equivalent system. To see that ?? produces an equivalent system, note
that if we add a multiple of an equation to another equation in the system, we are adding the same thing to both
sides, which does not change the solution set of that equation, nor of the system. |
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Practice Problems

Problem 42 Give a graphical illustration (draw a picture) for each of the following scenarios for a system of THREE
equations and TWO unknowns:

1. The system of three equations is inconsistent, but a combination of any two of the three equations forms a
consistent system.

2. The system is consistent and has a unique solution.
3. The system is consistent and has infinitely many solutions.

4. The system is inconsistent and no two equations form a consistent system.

Problem 43 Solve the given system of linear equations algebraically or algebraically demonstrate that a solution
does not exist. Interpret your results geometrically.

Il
N

X + 3y

[
|
o

X — 2y

Solution:

Problem 44 Solve the given system of linear equations algebraically or algebraically demonstrate that a solution
does not exist. Interpret your results geometrically.

1]
~

—-3x + 2y
6x — 4y

Il
(¢

Problem 45 Solve the given system of linear equations algebraically or algebraically demonstrate that a solution
does not exist. Interpret your results geometrically.

X — 2y + z =0
3x — 2y + 4z = 2
2x — y + 2z = 3

Solution:

Problem 46 Consider the following system of equations.

I
N

kx + 8y

It
\
N

2x + ky

1. Find all possible values of k such that this system has no solutions.
Answer:
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2. Find all possible values of k such that this system has infinitely many solutions.

Answer:

Problem 47 Why is there a non-zero provision in Part ?? of Definition ?? ? Why is there not a non-zero provision
in Part??7?

Problem 48 Suppose the following system was obtained from system (A) by adding twice the second row of (A)
to the first row.

8 + 3y = 11
3x + 2y = 5
Find system (A).
Answer:
...... X + ey =
3x + 2y = b

Problem 49 The following figures show a geometric depiction of two equivalent systems. (The systems are equiv-
alent because they have the same solution set.) Can the first system be transformed into the second system by
elementary row operations? If so, how?

\ 3x—y=8
N

X+2y=5

2x—y=5

X+y=4

Problem 50 Consider the system of equations

ax + by
cx + ay

o
~ @®

Show that if (xo, o) iS a solution to this system, and if we apply elementary row operation ?? to the system, then
(X0, ¥o) will be a solution to the new system of equations.

Problem 51 Demonstrate that elementary row operations are reversible by answering the following questions. Be
specific about the elementary row operation that you would use.

1. Suppose we obtained system (B) from system (A) by swapping two equations. How would we obtain system
(A) from system (B)?
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2. Suppose we obtained system (B) from system (A) by multiplying one of the equations of (A) by a non-zero
constant k. How would we obtain system (A) from system (B)?

3. Suppose we obtained system (B) from system (A) by adding a multiple of one of the equations of (A) to another.
How would we obtain system (A) from system (B)?
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