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Introduction to Linear Transformations

1 Introduction to Linear Transformations

We start by reviewing the definition of a function.
Definition 1. Let V and W be sets. A function f from V into W, denoted by
f:v—-Ww

assigns to each element x of V, a single element y = f(x) of W.
The set V is called the domain of f, and the set W is called the codomain.
If y = f(x), we say that x maps to y, and y is the image of x.

The collection of images of all points of V is called the image of V under f, or the image of f. (It is also known as the
range of f.)

In algebra and calculus you worked with functions f : R — R whose domain and codomain were each the set of all
real numbers. In linear algebra, we call our functions transformations. The domain and codomain of a transformation
are vector spaces.

Exploration 1 In this exercise we will introduce a very special type of transformation by contrasting the effects of
two transformations on vectors of R?. We will see that some transformations have “nice” properties, while others do
not. Define Ty and T, as follows:

T1 . Rz — Rz

(b))

T, : R? — R?
T2<

))-0

Each of these transformations takes a vector in R?, and maps it to another vector in R%. To see if you understand

. . . . , 4
how these transformations are defined, see if you can determine what these transformations do to the vector

(W)= e ()]

Now, let’s take the vector [:] and multiply it by a scalar, say 7.

-2



Introduction to Linear Transformations

Now let’'s compare how Ty and T, “handle” this product. Starting with T;, we compute:

() (=)- 4

Observe that multiplying the original vector by 7, then applying T, has the same effect as applying T, to the original
vector, then multiplying the image by 7. In other words,

T (7 A4 |7 4 1 77, 4
3 28 4 3
Diagrammatically, this can be represented as follows.

Domain of T, Codomain of T,

4 Ti (4
T4
3 Apply Ty first 3
Multiply

ij (7 [{)) ([}

You should try to verify that this property does not hold for transformation T,. In other words,

(7)) = (i)

There is nothing special about the number 7, and it is not hard to prove that for any scalar k and vector u of R?, T,
satisfies

kTi(u) = Ty(ku). (1)

It turns out that T, satisfies another important property. For all vectors u and v of R? we have:
Ti(u+v) = Ty(u) + T4(v) )

We leave it to the reader to illustrate this property with a specific example (see Practice Problem ??). We will show
that T, satisfies (??) in general.
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Letu = [w} andv = [W}’ then
7] Vo
e (P )l (o ey
[27) Vo Us + Vo Us + vy
Ll () ()
ty Vi U Vo
= Ty(u) + T1(v)

It turns out that T, fails to satisfy this property. Can you prove that this is the case? Remember that to prove that a
property DOES NOT hold, it suffices to find a counter-example. See if you can find vectors u and v such that

To(u + V) # Ta(u) + To(v). 3)
(See Practice Problem ??.)
Transformations satisfying (??) and (??), like Ty, are called linear transformations. Transformations like T, are not

linear. You have already encountered several linear transformations in the form of matrix transformations in sections
Matrix Transformations and Geometric Transformations of the Plane.

Definition 2. A transformation T : R” — R™ is called a linear transformation if the following are true for all vectors

u and vin R", and scalars k.
T(ku) = kT (u) (4)

TUu+v)=T(u)+ T(v) (5)

Equations (??) and (??) of the above definition can be illustrated diagrammatically as follows.

Domain of T Codomain of T
T
' T(v)
Apply T first
Multiply
first
T
kv T(kv) = KT(v)
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Domain of T Codomain of T
T
u,v T(u), T(v)
Apply T first
Add
first
T
u+v T(u+v)=T(u)+ T(v)

Remark 1. Properties (??) and (??) are often combined into a single property.
T(kiu + kaV) = ki T(U) + Ko T(V) (6)

Example 1. Suppose T : R? — R3 is a linear transformation such that

1 -l 0 2
2 —1
3 0
Find each of the following:

()81
({)

Explanation. ?? Because T is a linear transformation, it satisfies (??). We compute:

()R- L)

—1 2
=2|0 |~ |-
3
-2 2 —4
=lo|—|-1]=]|1
6 0 6
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?? Observe that [1] = l;] + [ 0 ] By (??) we have:

|
\i
/
——
N —
| I
N~
+
\'
N
| — |
l o
=
N~

[
o
+
|
—
Il
|
—

. . . 1 .
Observation 1. In Example ?? we were given the images of two vectors, [2] and l 01] , under a linear transfor-

1

mation T. Based on this information, we were able to determine the images of two additional vectors: 5 and )
. 2 1 . 2 1 . .
The reason we were able to determine T ( [5] ) and T < L] ) is because [51 and L] can be written as unique

0

linear combinations of ; and ]

Can every vector of R? be written as a linear combination of l;] and [ 01] ?

Multiple Choice:

1. Yes

2. No
Is the information provided in Example ?? sufficient to determine the image of every vector in R? under T?
Multiple Choice:

1. Yes
2. No

Example 2. Suppose T : R? — R? is a transformation such that

(E)-E (D)L (-1

Determine whether T is a linear transformation.
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Explanation. Observe that .
—1 _ 2 .3 —1
1 1 0
If T were a linear transformation, then we would have:

(BB
()1

Since [2} # [ 24] we conclude that transformation T is not linear.

But according to the given,

In Exploration ?? we introduced a transformation T, which turned out to be non-linear. It took some work to show
that T, is not linear. The following theorem would have made our work easier.

Theorem 1. Let T : R” — R™ be a linear transformation. Then
1. T(0) = 0. In other words, linear transformations map the zero vector to the zero vector.
2. T maps any line in R" to a line (or the zero vector) in R™.

Proof To prove part ??, let v be any vector in R". By linearity of T, we have:

T0)=T(v—v)=T(V)— T(v)=0

Part ?? will become evident after we prove Theorem ?? in Standard Matrix of a Linear Transformation and combine
it with Practice Problem ??. |

Example 3. Use Theorem ?? to show that transformation T, of Exploration ?? is not linear.

Explanation. Recall that T, : R? — R? was defined by
T x| _ —Xx+y+1
y y—2

—0+0+1 1
w1

We evaluate T, at 0:

Since T»(0) # 0, T, is not linear.
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Linear Transformations Induced by Matrices

Recall that a transformation T : R” — R™ defined by T(v) = Av, where A is some m x n matrix, is called a
matrix transformation (or transformation induced by A). As we had discovered in Matrix Transformations, all matrix
transformations are linear. We now formalize this result as a theorem.

Theorem 2. Let Abe an m x n matrix. Define T : R” — R™ by T(v) = Av. Then T is a linear transformation.

Proof Letuand v be vectors in R”, and let k be a scalar. By properties of matrix multiplication we have:
Tu+v)=Au+Vv)=Au+Av=T(u)+ T(v)
T(ku) = A(ku) = kAu = KT (u)
Therefore T is a linear transformation. |

Example 4. Let T : R” — R" be a linear transformation induced by

>

I
SIS
- » O

1. Find nand m.
2. Find the image of T.

Explanation. ?? Ais a 3 x 2 matrix, so for the expression T(x) = Ax to make sense, x has to be a 2 x 1 vector.
Thus, the domain of T is R2 (n=2). The product Ax is a 3 x 1 vector. The codomain of T is R® (m=3).

22 By Definition 2?2, the image of T consists of images of all individual vectors in R? under T. Every vector v in R?
can be written as v = ai + bj for some real numbers a and b. Consider the image of v

T(v) = T(ai+ bj) = aT (i) + bT(j) = a +b

o = N
- H O

This shows that the range, or the image, of T consists of all linear combinations of the columns of A. In other words,

2 0
the image of T is the span of vectors 1| and |4 |. The two vectors are not scalar multiples of each other, therefore
0 1

they span a plane in R®.

Example 5. Let T : R” — R" be a linear transformation induced by
A -2 1 3
4 -2 —6
1. Find nand m.

2. Find and draw the image of T.
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Explanation. ??

?? To find the image of T, we will take a slightly different approach from what we did in Example ????.
a

Letv = | b| be an arbitrary vector of R®. The image of v is given by
c

This shows that the image of every vector in R® is a scalar multiple of [ 2] . This means that the image of T is a

line in R2.

\\T/ Image of T

Linear Transformations of Subspaces of R"

Definition ?? defines a linear transformation as a map from R” into R™. We will now make this definition more general
by allowing the domain and the codomain of the transformation to be subspaces of R” and R™. Eventually, a linear
transformation will be defined as a mapping between vector spaces.

Definition 3. Let V and W be subspaces of R” and R™. A transformation T : V — W is called a linear transforma-
tion if the following are true for all vectors u and v in V, and scalars k.
T(ku) = KT (u)
Tu+v)=T(u)+ T(v)

Example 6. Let V be a subspace of R® consisting of all vectors in the xy-plane. Let W be a subspace of R®
consisting of all vectors along the z-axis. (Do a quick verification that V and W are subspaces of R3.) Define a

10



Introduction to Linear Transformations

transformation T : V — W by

a 0
Tl|bl|=]| 0
10 a+b
Show that T is a linear transformation, and describe its action geometrically.
31_ _ag
Explanation. Consider two arbitrary elements | b, | and | b, | of V.
0| | 0
ai ar a + a
T bi| + | b =T by + b
0 0 0

(a1 + ap) + (by + by)

0

| (a1 + b1) + (a2 + b2) |

0 0
= 0 + 0
_a1 + by a + b,
a ao
=T | |b +T | [b
0 0
ay aq
Verification of the factthat T | k | b, =KkT | | b is similar, and we omit the details.
0 0

We have shown that T is a linear transformation. T maps all vectors in the xy-plane to the z-axis. The following
diagram helps us visualize the action of T on a specific vector.

T Image of T
AT |2 =10
0 3

11
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We can investigate further. Recall that T is defined by

a 0
Tl|bl|=]0
0 a+b

Complete each of the following statements referring to the diagram below.

T Image of T
~—

/
The image of the line y = —x under T is (a line/ a plane/ the zero vector/ all of R3)

The image of the orange part of the domain (the front triangle) is (the positive z-axis/ the negative z-axis/ the zero
vector/ the entire z-axis)

The image of the purple part of the domain (the back triangle) is (the positive z-axis/ the negative z-axis/ the zero
vector/ the entire z-axis)

We conclude this section by introducing two simple but important transformations.

Definition 4. The identity transformation on V, denoted by idy, is a transformation that maps each element of V to
itself.

In other words,
dy:V—=V

is a transformation such that
idy(v)=v forall veV

Definition 5. The zero transformation, Z, maps every element of the domain to the zero vector.

In other words,
Z:V—-W

is a transformation such that
Zv)=0 forall veV

Theorem 3. The identity transformation is linear.

Proof Left to the reader. (See Practice Problem ??) |

Theorem 4. The zero transformation is linear.

Proof  Left to the reader. (See Practice Problem ??) |

12
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Practice Problems

Problem 2 Define T, as follows
T1 . Rz — Rz

y X
(See Exploration ??) Use vectors lﬂ and [_12] to illustrate that Ty (u + v) = T1(u) + T(v).

Problem 3 Define T, as follows
T, :R? - R?

=(0]) -5

Use a counter-example to prove that To(u + V) # To(u) + To(V)

(See Exploration ??)

Problem 4 Suppose T : R'® — R2 is a linear transformation such that T(u) = l 21] and T(v) = [_35] . Find the

image of 3u — v.

Problem 5 Letu be a fixed non-zero vector. Define T, : R?2 — R?, by Ty(X) = u — x.

1. Describe the effect of this transformation by sketching x and Ty(x) for at least four vectors x and a fixed vector
u of your choice.

2. Is Ty a linear transformation?

X X
Problem 6 Define Py, : R* — R? by Py, | |y| | = |y|. This transformation is called an orthogonal projection
z 0

onto the xy-plane. Show that P, is a linear transformation.

2 -2 3
Problem 7 Suppose a linear transformation T : R® — RS mapsito |—1|,jto| 4 |,andkto | 0 |. Find the
0 1 -5

1
image of | 1 | underT.
-2

13
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Problem 8 Prove that the identity transformation is linear. (Theorem ??)
Problem 9 Prove that the zero transformation is linear. (Theorem ??)

Problem 10 Find the domain and the codomain of the linear transformation T : R" — R™ induced by A; find and
draw the image of T.

>

1]
N = O
o = O

Domain: R", wheren = ... ...

Codomain: R™, wherem = ... ....

Problem 11 Find the domain and the codomain of the linear transformation T : R” — R™ induced by A; find and
draw the image of T.
A 3 -1
-3 1

Exercise Source

Practice Problem ?? is adopted from Problem 5.1.3 of Ken Kuttler's A First Course in Linear Algebra. (CC-BY)

Ken Kuttler, A First Course in Linear Algebra, Lyryx 2017, Open Edition, p. 272.

14
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Standard Matrix of a Linear Transformation from R" to R™

2 Standard Matrix of a Linear Transformation from R” to R™

In Matrix Transformations and Introduction to Linear Transformations we learned several important properties of
matrix transformations of R” and subspaces of R”. Let's summarize the main points.

Summary 1. For a matrix transformation T : R” — R, induced by an m x n matrix A we have the following results:
» T islinear. (Theorem ??) This means that
T(kiu + ko) = ki T(u) + ko T(V)
for vectors u and v in R” and scalars k; and k in R.

 Columns of A are the images of the standard unit vectors of R” under T. (Observation ??)

ayy a2 ... @i

axt dx2 ... azp | | |
A=l . . . | =|Te) T .. Tlen

. . . . ‘ | |

am . d@mn

+ The action of T on all of the elements of R” is completely determined by where T maps the standard unit
vectors. (See Examples ?? and ??)

The last point in the summary is so important that it is worth illustrating again.
Example 7. Let T : R® — R? be a linear transformation. Suppose that the only information we have about this

transformation is that 7(i) =

31], T(j) = lﬂ and T(k) = _12 . Is this information sufficient to determine the

1
imageofw= [ —-3|?
6
Explanation. Observe that
w=i—3j+6k
We find T(w) by using the fact that T is linear.

T(w) = T(i — 3j+6k) = T(i) — 3T(j) + 6 T(k) = [ 31] -3 m +6 [_12] - [_ﬂ

Because of properties of linear transformations, the information about the images of the standard unit vectors proved
to be sufficient for us to determine the image of w.

In Example ??, there was nothing special about the vector w. Any vector x of R” can be written as a unique linear
combination of the standard unit vectors ey, ..., e,. Therefore, the image of any vector x under a linear transformation
T : R” — R" is uniquely determined by the images of ey, ..., e,. Knowing T(e4), ..., T(e,) allows us to construct a
matrix A, with T(e1),..., T(es) as columns, that induces transformation T. We formalize this idea in a theorem.

15
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Theorem 5. Let T : R” — R" be a linear transformation. Then T is a matrix transformation with

A= |T(es) T(e2) .. T(en)
| \ |

as a matrix that induces T.
Proof Observe that

X1 1 0 0

Xo 0 1 0

X = . =Xt | [ +X | |+ -+ Xn || =X1€1+ X202+ -+ Xp€p
Xn 0 0 1

Because T is linear, we have

T(X) = T(X1 €eq + Xo€o + - + xne,,) = X1 T(e1) + Xo T(eg) + -+ Xy T(e,,)

X4
| | ] e
=|T(e) T(2) - T(en)| |.|=Ax
| | |
Xn
Thus, for every x in R”, we have T(x) = Ax. |

Theorem ?? shows that every matrix transformation is linear. Theorem ?? states that every linear transformation
from R" into R™ is a matrix transformation. We combine these results in a corollary.

Corollary 1. A transformation 7 : R” — R™ is a linear transformation if and only if it is a matrix transformation.

The results of this section rely on the fact that every vector of R” can be written as a unique linear combination of the
standard unit vectors eq, e», ..., e,. These vectors form the standard basis for R". We will see in Matrix of a Linear
Transformation with Respect to Arbitrary Bases that the matrix used to represent a linear transformation depends

on a choice of basis. Because we are using the standard basis, it is natural to name the matrix in Theorem ??
accordingly.

Definition 6. The matrix in Theorem ?? is known as the standard matrix of the linear transformation T.

Example 8. The standard matrix of a linear transformation 7 : R® — R? such that T(i) = [ 21] T = l?] and

T(K) = m is

Example 9. Find the standard matrix of a linear transformation T : R? — R2 such that T (i) = 2i and T(j) = 2j.

16
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Standard Matrix of a Linear Transformation from R" to R™
Explanation. We use the images of i and j as columns of the matrix. The standard matrix of T is
2 0
0 2

Example 10. Find the standard matrix of a linear transformation 7 : R? — R*if T ([ﬂ) ol P and T ([;ﬂ) =

—1

Explanation. In this example we are not given the images of the standard basis vectors i and j. However, we can
find the images of i and j by expressing i and j as linear combinations of [ﬂ and l_oﬂ , then apply the fact that T

is linear.

Let’s start with the easy one.

Therefore, by linearity of T, we have:

wer () (@) |

This gives us the first column of the standard matrix for T.

[

to express j as a linear combination of [ﬂ and [02] as follows:

You can solve the vector equation

17
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By linearity of T,

6 -2 3

1 3|0 1
= + — =

13 2|-8 1

-1 2 2

This gives us the second column of the standard matrix. Putting all of the information together, we get the following
standard matrix for T:

1 3
A o 1
4 1
-1 2
Practice Problems
—4 0
Problem 12 Suppose that a linear transformation T : R? — R® is such that T(i)= | 2 | and T(j) = | —1|. Find
1 5

0
6| . Find the standard matrix A of T.
4

Problem 14 Find the standard matrix A of the linear transformation T : R? — R? if T doubles the x component of
every vector and triples the y component.

18
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Problem 15 Find the standard matrix A of the linear transformation T : R? — R2? if T reverses the direction of
each vector.

Problem 16 Find the standard matrix A of the linear transformation T : R?2 — R? if T doubles the length of each
vector.

Problem 17 Find the standard matrix A of the linear transformation T : R? — R2? if T projects each vector onto

porais 0.7 ([1) =[]

Problem 18 Find the standard matrix A of the linear transformation T : R? — R2 if T projects each vector onto

poyais o7 ([1]) -1

19
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3 Image and Kernel of a Linear Transformation

Note to Student: In this section we will often use U, V and W to denote subspaces of R”, or any other finite-
dimensional vector space, such as those we study in Vector Spaces.

The Image of a Linear Transformation
Definition 7. Let V and W be vector spaces, and let T : V — W be a linear transformation. The image of T,

denoted by im(T), is the set
im(T) ={T(v):veV}

In other words, the image of T consists of individual images of all vectors of V.

Example 11. Consider the linear transformation T : R® — R? with standard matrix

A=123
2 4 6

1. Find im(T).
2. lllustrate the action of T with a sketch.

a
Explanation. ?? Letv = |p| then

a
T(v) = Av = r 2 3] b| =a [1] +b lzl +C [3]
2 4 6 c 2 4 6

Thus, every element of the image can be written as a linear combination of the columns of A. We conclude that

. 1] [2] [
im(T) = span (L— , _41 , [J) = col(A)

Every column of A is a scalar multiple of [;1 . Thus,

wreom (] ] ) o=}

The image of T is a line in R? determined by the vector l;] .

c

?? The action of T can be illustrated with a sketch.

20
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im(T)

-

In Example ?? we observed that the image of the linear transformation was equal to the column space of its standard
matrix. In general, it is easy to see that if T : R” — R™ is a linear transformation with standard matrix A then the
following relationship holds:

im(T) = col(A)

In addition, by Theorem ??, we know that
dim(im(T)) = dim(col(A)) = rank(A)

Example 12. Let T : R® — R* be a linear transformation with standard matrix

w
o

- o = N
w
o

Find im(T) and dim(im(T)).

Explanation. As in Example ??, the image of T is given by

1 2 2 —1 0
—1 3 1 0 1
im(T) = span , , , , = col(A
(T)=sp 3 0 0 5 (A)
1 —1 1 -2 —1

This time it is harder to detect the vectors that can be eliminated from the spanning set without affecting the span.
We have to rely on the reduced row-echelon form of A.

1 2 2 -1 0 100 1 2
-1 3 1 0 -1 010 1 1
VNN
3 0 0 3 6 001 —2 -2
1 -1 1 -2 —1 000 0 O

We can see that rank(A) = 3, so dim(im(T)) = 3.

To identify vectors that span im(T), we turn to Procedure ??. We identify the first three columns as pivot columns.
These columns are linearly independent and span col(A). Therefore,

im(T) = col(A) = span _31 : ,

w
- O = DN

21



Image and Kernel of a Linear Transformation

By Theorem ?? and Definition ??, we know that for an m x n matrix A, col(A) is a subspace of R”. However, when
vector spaces other than R™ are involved, it is not yet clear that im(T) is a subspace of the codomain. The following
theorem resolves this issue.

Theorem 6. Let T : V — W be a linear transformation. Then im(T) is a subspace of W.

Proof  To show that im(T) is a subspace, we need to show that im(T) is closed under addition and scalar multipli-
cation.

Suppose wy and wy are in im(T). Then there are vectors v; and v, in V such that T(v;) = wy and T(v2) = wo. Then
Wi +Wp = T(Vy) + T(V2) = T(Vq +V2)

This shows that wy + wo is in im(T).

For any scalar a, we have:
awq = aT(vq) = T(avy)

This shows that aw; is in im(T).

We can now define the rank of a linear transformation.

Definition 8. The rank of a linear transformation T : V — W, is the dimension of the image of T.

rank(T) = dim(im(T))
This definition gives us the following relationship between the rank of a linear transformation 7 : R” — R" and the
rank of the standard matrix A associated with it.

Formula 1.
rank(A) = dim(col(A)) = dim(im(T)) = rank(T)

The Kernel of a Linear Transformation

Definition 9. Let V and W be vector spaces, and let T : V — W be a linear transformation. The kernel of T,
denoted by ker(T), is the set
ker(T) = {v: T(v) =0}

In other words, the kernel of T consists of all vectors of V that map to 0in W.
It is important to pay attention to the locations of the kernel and the image. We already proved that im(T) is a

subspace of the codomain. In contrast, ker(T) is located in the domain. (We will prove shortly that it is a subspace
of the domain.)

22



Example 13. Let T : R® — R* be a linear transformation with standard matrix

1. Find ker(T)

Image and Kernel of a Linear Transformation

im(T)

1 2 2
-1 3 1

3 0 0 3

T

2. Is ker(T) a subspace of R%? If so, find dim(ker(T)).

Explanation. 2? To find the kernel of T, we need to find all vectors of R® that map to 0 in R*. This amounts to

solving the equation Ax = 0.

Gauss-Jordan elimination yields:

2
1
0
1

Thus, the kernel of T consists of all elements of the form:

We conclude that

-1 0 1
o0 -1 . |0
3 6 0
-2 -1 0
—1 -2
—1 —1
2 [s+]| 2
1 0
0 1

ker(T) = span 2

o O = O

o = O O

23



Image and Kernel of a Linear Transformation

2? Since ker(T) is the span of two vectors of R®, we know that ker(T) is a subspace of R®. (See Theorem ??.)
Observe that the two vectors in the spanning set are linearly independent. (How can we see this without performing
computations?) Therefore dim(ker(T)) = 2.

Recall that the null space of a matrix A is defined to be set of all solutions to the homogeneous equation Ax = 0. This
means that if T : R” — R™ is a linear transformation with standard matrix A then

ker(T) = null(A)

We know that null(A) of an m x n matrix is a subspace of R". (See Theorem ??.) We conclude this section by
showing that even when vector spaces other than R” are involved, the kernel of a linear transformation is a subspace
of the domain of the transformation.

Theorem 7. Let T : V — W be a linear transformation, then ker(T) is a subspace of V.

Proof  To show that ker(T) is a subspace, we need to show that ker(T) is closed under addition and scalar multi-
plication.

Suppose that vi and v, are in ker(T). Then,

T(V1 +V2) = T(V1)+ T(Vg) =0+0=0

This shows that v + v» is in ker(T).

For any scalar a we have:
T(avi) =aT(vy)=a0=0

This shows that av, is in ker(T).

Definition 10. The nullity of a linear transformation T : V — W, is the dimension of the kernel of T.

nullity(T) = dim(ker(T))
This definition gives us the following relationship between nullity of a linear transformation 7 : R” — R and the
nullity of the standard matrix A associated with it.

Formula 2.
nullity(A) = dim(null(A)) = dim(ker(T)) = nullity(T)

Rank-Nullity Theorem for Linear Transformations

In Examples ?? and ??, we found the image and the kernel of the linear transformation T : R°> — R* with standard
matrix

w
o

- o = N
w
o
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We also found that
rank(T) = dim(im(T)) = dim(col(A)) = rank(A) = 3

and
nullity(7T) = dim(ker(T)) = dim(null(A)) = nullity(A) = 2

Because of Rank-Nullity Theorem for matrices (Theorem ?7?), it is not surprising that

rank(T) + nullity(T) = 3 + 2 = 5 = dim(R)

The following theorem is a generalization of this result.

Theorem 8. Let T : V — W be a linear transformation. Suppose dim(V) = n, then

rank(T) + nullity(T) = n

Proof By Theorem ??,im(T) is a subspace of W. There exists a basis for im(T) of the form {T(v4), ..., T(v/)}.
By Theorem 2?2, ker(T) is a subspace of V. Let {uy, ..., us} be a basis for ker(T).

We will show that {uy, ..., ug, vy, ...,V } is a basis for V.

For any vector v in V, we have:
TV)=c1T(vq) +...+CT(v)

for some scalars ¢; (1 < i < r). Thus,
T(v) = (c1T(V1) + ...+ & T(V,)) =0

By linearity,
T(Vv—(ciVi+...+cVv.) =0

Therefore v — (c1vq + ... + ¢, V,) isin ker(T).

Hence there are scalars a; (1 < i < s) such that
V— (C1Vq + ... + C/V;) = @1Uq + ... + A5Usg

Thus,
V = (C1Vi + ... + CV,) + (&1Uq + ... + AsUg)

We conclude that
V = span(uy, ..., Ug, V1, ..., V;)

Now we need to show that {uy, ..., Us, V1, ..., v, } is linearly independent.

Suppose
CiVi+ ... + GV, + 81Uy +...+ asUs =0 (7)
Applying T to both sides, we get
T(C1Vy + ... + GV, + @1Uq + ... + A5Ug) = T(0)

TV +...+cT(v)+a1T(ug) +...+asT(ug) =0
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But T(u;)) =0for1 < i < s, thus
ciT(Vi)+...+¢cT(v,)=0

Since {T(v4), ..., T(v,)} is linearly independent, it follows that each ¢; = 0.

But then Equation (??) implies that ajuy + ... + asug = 0. Because {uy, ..., ug} is linearly independent, it follows that
each a; = 0.

We conclude that {uy, ..., U, vy, ..., v, } is a basis for V. Thus,

dim(ker(T)) + dim(im(T)) =s+r=n

Practice Problems

Problem 19 Describe the image and find the rank of the linear transformation T : R® — R? induced by A =
3 2 4 7 A1
-1 -9 7 6 8|

Multiple Choice:

1. im(T) = R?
. im(T) is a line in R?

2
3. im(T) = {0}
4. im(T) = R®
5

. im(T) is a plane in R®

Multiple Choice:

1. im(T) = R®
im(T) is a line in R?
im(T) is a line in R3

im(T) = {0}

O A L D

im(T) is a plane in R®
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Problem 21 Suppose linear transformations T : R? — R? and S : R? — R2 are such that im(T) = im(S) =

1
span

Problem 22 Describe the kernel and find the nullity of the linear transformation T : R® — R? induced by A =

2 1 0
-1 1 =3|

) . Does this mean that T and S are the same transformation? Justify your claim.

Multiple Choice:
1. ker(T) =R3
2. ker(T) = {0}
3. ken(T) = R?

4. ken(T) is a plane in R®
5. ken(T) is a line in R®

Problem 23 Describe the kernel and find the nullity of the linear transformation T : R? — R? induced by A =

: o

Multiple Choice:
1. ker(T) = R?
2. ken(T) = {0}

3. ken(T) is a line in R?

Problem 24 Describe the kernel and find the nullity of the linear transformation T : R® — R® induced by A =
1 2 —1

—_ a4 a4
NN NN

Multiple Choice:

27



Image and Kernel of a Linear Transformation

1. ker(T) is a plane in R®

ker(T) is a line in R®

2.
3. ken(T) is a line in R®
4. ken(T) =R®

5. ken(T) = {0}
nullity(T) = ... ...

Problem 25 Suppose a linear transformation T : R® — R3 is such that im(T) is a plane in R®. Then

2 -1 1 -2 1 1
A 1 2 3 6 -4 1
o 2 2 4 -2 -1
1 3 2 6 -3 2

Find im(T) and ker(T) if the reduced row-echelon form of A is

rref(A) =

©c o o =
o O = O
o =+ o o
O = 4 4
1o
-~ o o o

Problem 28 LetV = span <[1] ) and let T : V — R2 be a linear transformation defined by T(v) = 2v. Find

im(T) and ker(T).

Problem 29 Suppose a linear transformation T is induced by a 4 x 6 matrix A. Let S be a linear transformation
induced by AT. Find nullity(S), if nullity(T) = 3. Prove your claim.
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