p. 1

Question 1 In Exercises ?? - ??, use the Even / Odd Identities to verify the identity. Assume all quantities

are defined.

Problem 1.1 sin(3w — 260) = —sin(20 — 37)
Problem 1.2 cos <f% - 5t) = CoS (5t+ %)
Problem 1.3 tan(—x2+1) = —tan(x® — 1)
Problem 1.4 csc(—6 —5) = —csc(f +5)

Problem 1.5 sec(—6x) = sec(6x)

Problem 1.6 cot(9 — 76) = — cot(76 — 9)

Question 2 In Exercises ?? - ??, use the Sum and Difference Identities to find the exact value. You may

have need of the Quotient, Reciprocal or Even / Odd Identities as well.

Problem 2.1 cos(75°)

cos(75°) = M

Problem 2.2 sec(165°)

4
sec(165°) = ————— = /2 —
( ) V2 + \@
Problem 2.3 sin(105°)
2
sin(105°) = @

Problem 2.4 csc(195°)

csc(195°) = \@%\/é =

Problem 2.5 cot(255°)

cot(255°) = \\/[51;_11 =2-3
+

Problem 2.6 tan(375°)

tan(375°) = z\\g’ =2-/3
+

Problem 2.7 cos (113;)

S<137r> =_M

12 4

Problem 2.8 sin (11127T>

()52
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EXERCISES FOR MORE TRIGONOMETRIC IDENTITIES

Problem 2.9 tan <137T>
12
137 3—-3
tan| — | = =2-3
(12> 3+v3

Problem 2.10 cos

7N

)
12
cos (h) = 7\/57 V6

12 4

177
Problem 2.11 tan (12)

177
AR IS
tan<12> +V3

Problem 2.12 sin (%)

iy Ve e
sin(73) = =4

11
Problem 2.13 cot <127T)

cot (111;) =—(2+V3)

Problem 2.14 csc (?Z)

CcsC (?Z) =\/é_\/§

Problem 2.15 sec (—%)

sec (—%) =v6 -2

V5 V10
1

Problem 3 [fa is a Quadrant IV angle with cos(a) = 5 andsin(f) = 0 Whereg < B < m, find

1. cos(a + f)

cos(a + f3) = —\1/—05

2. sin(a + )
sin(a + B) = 71\?

3. tan(a + )
tan(a + B8) = —7

4. cos(a — f)
cos(a — 3) = —g
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p. 3

5. sin(a — p)
sin(a — @) = g
6. tan(a — B)
tan(a — B) = —1

Problem 4 /fcsc(a) =3, where0 < a < g and (3 is a Quadrant Il angle with tan(3)

1. cos(a + f3)
cos(a + fB) = — 4 +370\@
2. sin(a + f3)
sin(a + ) = 28;70\@
3. tan(a + )
tan(a+ §) = —28+v2 63—1002
C4+7V2 41
4. cos(a — f3)
cos(a — ) = %@
5. sin(a — )
sin(a — §) = —28;0\/5
6. tan(a — B)
28 +1/2 63 + 1001/2
tan(a — B) = =—

C4-7V2 41

3 12 3
Problem 5 /fsin(a) = 5 where 0 < a < g and cos(f) = 3 where ?W < B < 2m, find

1. sin(a+ )
sin(o + ) = g

2. cos(a — )
cos(a — ) = %

3. tan(a — f)
tan(o — ) = oo

5 24 3
Problem 6 /fsec(a)= —3 Whereg < a < m, andtan(f) = - wheren < 3 < ?ﬁ find

1. csc(a — f)

csc(a — B) = ——

CC BY-NC-SA 4.0
MY ORG (2026/08/03.35)

My XOURSE
MY DEPARTMENT


https://creativecommons.org/licenses/by-nc-sa/4.0/deed.en
https://creativecommons.org/licenses/by-nc-sa/4.0/deed.en
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2. sec(a+ )

sec(a + ) = %
3. cot(a + f3)

cot(a + ) = %

Question 7 In Exercises ?? - ??, use Example ?? as a guide to show that the function is a sinusoid by
rewriting it in the forms C(t) = Acos(wt + ¢) + B and S(t) = Asin(wt + ¢) + B forw > 0 and0 < ¢ < 2.

Problem 7.1 f(t) = v/2sin(t) + V2 cos(t) + 1

f(t) = vV2sin(t) + V2 cos(t) + 1 = 2sin <t+ g) +1=2cos (t+ 7;) 1

Problem 7.2 f(t) = 3v/3sin(3t) — 3 cos(31)

. . 117 41
f(t) = 3v/3sin(3t) — 3 cos(3t) = 6 sin (3t + 6> = 6cos <3t+ 3>

Problem 7.3 f(t) = —sin(t) + cos(t) —2

3
f(t) = —sin(t) + cos(t) — 2 = V2sin [ t :) —2=1+2cos <t+ g) -2
1 . 3
Problem 7.4 f(t) = ~3 sin(2t) — > cos(2t)

f(t) = —% sin(2t) — ? cos(2t) = sin <2t + 4;) = COS (21‘ + 5(:)
Problem 7.5 f(t) = 2v/3cos(t) — 2sin(t)

() = 2v/3 cos(t) — 2sin(t) = 4sin <t+ 2;) - 4cos (t+ %)

3v3

3
Problem 7.6 f(t)= > cos(2t) — — sin(2t) + 6

3 3v3 5
f(t) = gcos(Zt) - \z—fsin(m) +6 = 3sin <2t+ g) +6 = 3cos (2t+ %) +6

1 3
Problem 7.7 f(f) = ~3 cos(5t) — % sin(5t)
1 3 7 2
f(t) = —3 cos(5t) — % sin(5t) = sin (51‘ + g) = COoS (51‘ + ;)

Problem 7.8 f(t) = —6+/3cos(3t) — 6sin(31) — 3

4 5
f(f) = —6v/3 cos(3t) — 6sin(3t) — 3 = 12sin <3t+ ;) —3=12cos (31‘ + g) ~3

5/2 5y/2
Problem 7.9 f(t)=7fsin(t V2

) — T COS(t)
f(t) = 52£ sin(t) — 52£ cos(t) = 5sin (t + 7;) =5cos <t+ 5;)
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t t
Problem 7.10 f(t) = 3sin <6> —3v/3cos <6>

t t t 57 t 7mw
f(t)=3sin( = | — —)=6sin|-+—)=6 — oy —
(f) = 3sin (6) 3v/3cos (6) sin <6 + 3) cos (6 + 6)

Problem 8 In Exercises ?? - ??, you should have noticed a relationship between the phases ¢ for the S(t)

and C(t). Show that if f(t) = Asin(wt + ) + B, then f(t) = Acos(wt + 3) + B where f = o« — g

Problem 9 Let¢ be an angle measured in radians and let P(a, b) be a point on the terminal side of ¢ when
it is drawn in standard position. Use Theorem ?? and the sum identity for sine in Theorem ?? to show that
f(t) = a sin(wt) + b cos(wt) + B (with w > 0) can be rewritten as f(t) = V & + b? sin(wt + ¢) + B.

Problem 10 /n Example ?? in Section ??, we developed two (seemingly) different formulas to model the
hours of daylight, H(t): Hi () = 9.25sin (gt - g) +12.55 and Hy(t) = —8.13sin <%t . 4.70) +125. Use
the difference identities for sine to expand H;(t) and H»(t). How different are they?

Question 11 In Exercises ?? - ??, verify the identity.’

Problem 11.1 sin (9 + g) = cos(t)

T .
Problem 11.2 cos (0 - E) = sin(t)
Problem 11.3 cos(f — w) = — cos(f)
Problem 11.4 sin(m — 0) = sin(6)
Problem 11.5 tan (9 + g) = —cot(f)

Problem 11.6 sin(a + ) + sin(a — B) = 2sin(«) cos(f)
Problem 11.7 sin(a + ) — sin(a — 8) = 2cos(a) sin(3)
Problem 11.8 cos(a + 3) + cos(a — 8) = 2 cos(a) cos(5)

Problem 11.9 cos(a + 8) — cos(a — ) = —2sin(«) sin(3)

sin(a + ) _ 1 +cot() tan(B)

Problem 11.10 sinfa — B) 1 — cot(a)tan(B)

cos(a+ ) 1 —tan(a)tan(s)

Probl 11.11 =
robiem cos(a — 5) 1 +tan(a)tan(B)

tan(a+ 8)  sin(a) cos(a) + sin(5) cos(B)
Problem 11.12 @ — 5 ™ sin(a) cos(a) — sin(3) cos(d)

Question 12 In Exercise ?? - ??, use the results from Exercise ?? in Section ??: GIiLnO w =1 and
Exercise ?? in Section ?? : alimo PCTSS@ = 0 to help you find the derivatives of the sine and cosine
functions. -

"Note: numbers 2? and ?2? are the conversion formulas stated in Theorem 2? in Section 22.
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Problem 121 1. Verifyforf(t) = sin(t), () — 1) _ sin(t+h) =sint) _ oo (Sin(h)>+sin(t) <°°S(h)_1>

h h h h
f(t+ h) — f(t
2 Show f(t) = tim "M =10 oo,
h—0 h
- . cos(@) —1 _1—cos@)\
Hint: 9“11?0 0 9“210 ( 0 ) =—@=0

3. Find the equation of the tangent line to the graph of y = sin(t) at (0, 0), (g 1) and (r, 0).
Check your answers graphically.

at(0,0): y = x; at (:1

5 ).’y=1at(7r,0).'y=—x+7r

Problem 12.2 1. Verify for g(t) = cos(t),

sin(t) (Si”,jh)>
g(t+h) —g(t)

2. Showg'(t) = ’!imo - —sin(t).
—

g(t+h) —g(t) cos(t+ h)— cos(t) cos(h) —1
b = h = cos(1) (h ) —

3. Find the equation of the tangent line to the graph of y = cos(t) at (0, 1), (g 0) and (—g 0).

Check your answers graphically.

m T T m
at(0,1).y=1,at(§,0>. =—x+§at(—§,0).y=x+§
in(6 tan(f
Problem 13 1. Use the fact that lim sin(9) =1 to prove lim tan) _ 1.
90 O 00 6

tan(d) sin(@) 1

Hint: 0 6 cos®)

f(t+h) — f(t) tan(t+ h) — tan(t) tan(h) sec?(t)
2. For f(t) = tan(t), show h = h = ( h ) (1 " tan(D tan(h))'

f(t+ h) — £t
3. Use part ?2 to show f'(1) = lim %

_ 2
Jim = sec(1)

4. Find the equation of the tangent line to the graph of y = tan(t) at (0, 0), (g 1) and (72 —1 )

Check your answers graphically.
at (0,0): —X'at<7r 1)- —ox— = 1at< T 1)- —ox+ L4
’ - y - £l 41 - ,y - 2 + 4s - _y - + 2
Question 14 In Exercises ?? - ??, use the Half Angle Formulas to find the exact value. You may have need
of the Quotient, Reciprocal or Even / Odd Identities as well.

Problem 14.1 cos(75°) (compare with Exercise ??)

2-3
2

2See Exercise 2? in Section ?2.

cos(75°) =
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Problem 14.2 sin(105°) (compare with Exercise ??)

2+\@

sin(105°) = 5

Problem 14.3 cos(67.5°)

22

c0s(67.5°) = 2

Problem 14.4 sin(157.5°)

2-+2

sin(157.5°%) = 2

Problem 14.5 tan(112.5°)

2+\@
oy

tan(112.5°) = —

7
Problem 14.6 cos (1;) (compare with Exercise ??)

7 243
cos| - |=—"""F7
12 2

Problem 14.7 sin (%) (compare with Exercise ??)

Sm(f)=ﬂ

12 2

Problem 14.8 cos (%)

cos (7) - V2+y2

8/~ 2
Problem 14.9 sin <5;T>

sin (5”) _V2+v2

8 2

Problem 14.10 tan (787T)

tan(?):—qli:£=1—\@

Question 15 In Exercises ?? - ??, use the given information about 0 to find the exact values of

* sin(26)
o (f
an (2)
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* cos(260)

()

* tan(20)
ot 0
an (2)

7 3
Problem 15.1 sin(f) = —— where ?ﬂ <@ <2r

25
* sin(20) = _3%6
625
[0\ V2
esin| =) =—
2 10
527
. 20) = —
cos(26) 625
0 7v/2
ecos| =) =——
2 10
336
. 20) = ———
tan(20) 507

0 1
ctan( =) =—=2
(2) -

28
Problem 15.2 cos(f) = =3 where 0 < 0 < T

2
2520
e sin(260) =
sin(29) = 809
[0\ 5106
esin( =)=
2 106
1241
. cos(20) = — 2L
c0s(29) = — 2809
ue (1) _ 8V108
2) = 106
2520
e tan(26) = ———
1241

(z):
ctan( - | =<
2 9

12
Problem 15.3 tan(d) = 3 wherem < 6 < S?W
120
. sin(20) = —
169
. (0 3v13
esin|=|=
2 13
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p. 9

119

e cos(20) = ——
169

2) 13

120

. 20) = ———
tan(20) 19

tang—f§
2) 2

Problem 15.4 csc(0) = 4 where g <l<m
Vi
* sin(20) = 775

o) 4

* sin (0) = 7\/%

e cos(20) = =
(9) 8 — 2v/15
ecos| =)=
2 4
* tan(20) = —@
7
(0) 8 +2/15
ctan (= ) = 4/ ——=
2 8 — 215

tan (Z) =4+/15

3
Problem 155 cos(0) = < where 0 < 6 < T

2

24
* sin(26) = —
25

. (9) V5

esin| =) =—

2 5

7

» cos(20) = ~25

2) 5

24

M tan(29) = 77

o 1
ctan({ - | = ¢
(z)-:
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4 3
Problem 15.6 sin(f) = ~5 wherem < 0 < ?ﬂ
24
. sin(20) = —
sin(26) o5
: (9) 2V/5
esin| - |=—
2 5
7
. 20) = —
cos(20) 25
(2)--%
ccos|—=|)=——
2 5
24
e tan(20) = ——
an(20) 7

)
>
7 N
Nl
~
Il
|
\V]

12 3
Problem 15.7 cos(f) = — where bl <f<2om

13 2
120
e sin(26) = ———
169
A V26
esin| = | =—
2 26
119
. 20) = —~
cos(26) 169
s os (1) _ BV
2/ 26
120
. 20) = ——
tan(20) 19

o
—_
O
=}
RS
Nl
N~
Il
|
a| =

Problem 15.8 sin(f) = % Whereg <f<m

120
e sin(20) = ———
169
. (0 5v/26
esin| = | =——
2 26
119
. 20) = ——
cos(26) 189
2] 26
120
. 20) = ———
tan(20) 19
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0
» tan <2> =5

3
Problem 15.9 sec(f) = /5 where ?W <6<o2r

* sin(20) = —g
. sin (9) /50— 10/5
2/ 10

« cos(20) = —g

* cos <0> = —7\/5(“7\/5

2 10

4
M tan(29) = g

-tan(9>=— 5-V5

2 5++5
tan 0)_5-5v5
2/ 10

Problem 15.10 tan(f) = —2 whereg <f<n

4
. sin(20) = ——
sin(26) 5
csin () _ VB0+10v5
2) " 10
3
. 20) = — =
cos(20) 5
. cos (9) V50— 10/5
2/ 10

4
* tan(26) = 3

- (0) %
an 0\ _ 5+5y/5
(2)

2 10
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Question 16 In Exercises ?? - ??, verify the identity. Assume all quantities are defined.
Problem 16.1 (cos(f) +sin(f))? = 1 + sin(26)
Problem 16.2 (cos(d) — sin(f))? = 1 — sin(26)

1 1
1—tan(t) 1 +tan(t)

Problem 16.3 tan(2t) =

cot(f) + tan(f)

Problem 16.4 csc(20) = 5

Problem 16.5 8sin*(x) = cos(4x) — 4 cos(2x) + 3

Problem 16.6 8cos*(x) = cos(4x) + 4cos(2x) + 3

Problem 16.7 sin(36) = 3sin(d) — 4sin’(6)

Problem 16.8 sin(46) = 4sin(6) cos®(#) — 4 sin®(#) cos(6)

Problem 16.9 32sin?(t)cos*(t) = 2 + cos(2t) — 2 cos(4t) — cos(6t)
Problem 16.10 32sin*(t)cos?(t) = 2 — cos(2t) — 2 cos(4t) + cos(6t)
Problem 16.11 cos(46) = 8cos*(8) — 8cos?(d) + 1

Problem 16.12 cos(80) = 128 cos®() — 256 cos®() + 160 cos*(0) — 32 cos?(0) + 1 (HINT: Use the result to
22.)

cos(x) sin(x)
Problem 16.13 sec(2x) = cos(x) +sin(x)  cos(x) — sin(x)

1 1 2cos(d)

cos(d) —sin(d) * cos(d) +sin(d) ~ cos(20)

Problem 16.14

1 1 _ 2sin(0)
Problem 16.15 cos(f) — sin(d)  cos(d) +sin(d) ~ cos(26)

Problem 17 Suppose 6 is a Quadrant | angle with sin(0) = x. Verify the following formulas

1. cos(f) = V1 — x?
2. sin(20) = 2x/1 — x?

3. cos(26) =1 — 2x?

Problem 18 Discuss with your classmates how each of the formulas, if any, in Exercise ?? change if we
change assume 0 is a Quadrant Il, Ill, or IV angle.

Problem 19 Suppose 6 is a Quadrant | angle with tan(6) = x. Verify the following formulas

1

1. cos(f) =
X2 + 1
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X
2. sin(f) =

0= Jet

2x

3. sin(20) = ——

in(20) X2 +1

1 — x?

4. cos(20) = ——

cos(20) 21

Problem 20 Discuss with your classmates how each of the formulas, if any, in Exercise ?? change if we
change assume 0 is a Quadrant Il, Ill, or IV angle.

Problem 21 /fsin(f)=x for—g <t< g find an expression for tan(t) in terms of x.

X

V1 —x2

tan(t) =

Problem 22 /ftan(f) = x for —g <0< g find an expression for sec(f) in terms of x.

sec(f) = V1 + x?

Problem 23 /fsec(d) = x where 0 is a Quadrant Il angle, find an expression for tan() in terms of x.

tan(f) = —v/x2 — 1

X
Problem 24 [fsin(f) = > for—g <t< g find an expression for cos(2t) in terms of x.

2

X
cos(2t) =1 — —
(2) 5

Problem 25 /ftan(f) = ; for—g <6< g find an expression for sin(20) in terms of x.

14x

X
Problem 26 /fsec(t) = 1 for0 < t < g find an expression for In | sec(t) + tan(t)| in terms of x.
In|sec(t) + tan(t)| = In |x + vV x% + 16| — In(4)

Problem 27 Show that cos®(f) — sin®(6) = 2cos?(f) — 1 = 1 — 25sin®(6) for all 6.

1
Problem 28 Let 6 be a Quadrant Il angle with cos(f) = —5 Show that this is not enough information

0 7 3
to determine the sign of sin <2> by first assuming 37 < 0 < ?ﬁ and then assuming m < 6 < ?77 and

0
computing sin (2) in both cases.

2 3 6 2
Problem 29 Without using your calculator, show that ; V3 = \[Z v2

Problem 30 /n part?? of Example ??, we wrote cos(36) as a polynomial in terms of cos(f). In Exercise
??, we had you verify an identity which expresses cos(46) as a polynomial in terms of cos(#). Can you find a
polynomial in terms of cos(6) for cos(56)? cos(660)? Can you find a pattern so that cos(nf) could be written
as a polynomial in cosine for any natural number n?
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Problem 31 In Exercise ??, we has you verify an identity which expresses sin(36) as a polynomial in terms
of sin(6). Can you do the same for sin(56) ? What about for sin(40) ? If not, what goes wrong?

Question 32 In Exercises ?? - ??, verify the identity by graphing the right and left hand using a graphing

utility.
Problem 32.1

Problem 32.2

Problem 32.3

Problem 32.4

Problem 32.5

Problem 32.6

sin?(t) + cos?(t) = 1
sec?(x) — tan?(x) = 1
. e
cos(t) = sin (5 — t)
tan(x + ) = tan(x)

sin(2t) = 2 sin(t) cos(t)

tan <§> B sin(x)

2/ 7 1+cos(x)

Question 33 In Exercises ?? - ??, write the given product as a sum. Note: you may need to use an
Even/Odd Identity to match the answer provided.

Problem 33.1

cos(360) cos(56)

cos(26) + cos(86)

2

Problem 33.2

sin(2t) sin(7t)

cos(5t) — cos(9t)

2

Problem 33.3

sin(9x) cos(x)

sin(8x) + sin(10x)

2

Problem 33.4

cos(26) cos(66)

cos(40) + cos(86)

2

Problem 33.5
cos(t) — cos(5t)
2

Problem 33.6

sin(2x) + sin(4x)

2

sin(3t) sin(2f)

cos(x) sin(3x)

Question 34 In Exercises ?? - ??, write the given sum as a product. Note: you may need to use an
Even/Odd or Cofunction Identity to match the answer provided.

Problem 34.1
2 cos(46) cos(b)
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EXERCISES FOR MORE TRIGONOMETRIC IDENTITIES

Problem 34.2 sin(2t) — sin(7t)
9 5
-2 —t)sin| <t
cos (2 ) sin (2 )
Problem 34.3 cos(5x) — cos(6x)
2sin lx sin 1x
2 2

Problem 34.4 sin(9x) — sin(—x)
2 cos(4x) sin(5x)

Problem 34.5 sin(t) + cos(t)

V2 cos (t - %)

Problem 34.6 cos(x) — sin(x)

—v/25sin (x - %)

Question 35 In Exercises ?? - ??, using the remarks following Example ?? on page ?? as a guide, rewrite
the given function f(t) as a product of sinusoids. Identify the functions which create the ‘wave envelope.’
Check your answer by graphing the function along with the ‘wave-envelope’ using a graphing utility.

Problem 35.1 f(t) = cos(3t) + cos(5t)
f(f) = [2 cos(t)] cos(4t), A(t) = 2 cos(t), wave-envelope: y = £2 cos(t)

Problem 35.2 f(t) = 3cos(5tf) — 3cos(6t)
1 11 1 1
f(t) = [6 sin (21‘)] sin <2t), A(t) = 6sin (21‘), wave-envelope: y = £6sin <2t>

1 1
Problem 35.3 f(t) = > sin(9t) + > sin(t)

f(t) = [cos(4t)] sin(5t), A(t) = cos(4t), wave-envelope: y = 4 cos(4t)

Problem 35.4 f(t) = gsin(Zt) — gsin(ﬂ)

f(t) = [—: sin (21‘)} cos <Zt> A(t) = —g sin <2t> wave-envelope: y = i% sin <Zt>
Problem 36 \Verify the Even/Odd Identities for tangent, secant, cosecant and cotangent.
Problem 37 Verify the Cofunction Identities for tangent, secant, cosecant and cotangent.
Problem 38 Verify the Difference Identities for sine and tangent.

Problem 39 \Verify the Product to Sum Identities.

Problem 40 Verify the Sum to Product Identities.
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