1 Graphs of the Secant and Cosecant Functions

As mentioned at the end of Section ??, one way to proceed with our analysis of the circular functions is to use
what we know about the functions sin(t) and cos(f) to rewrite the four additional circular functions in terms of
sine and cosine with help from Theorem ??. We use this approach to analyze F(t) = sec(t).

1
Rewriting F(t) = sec(t) = cos(’ we first note that F(t) is undefined whenever cos(t) = 0. Thanks to Example

0s(t)

?? number ??, we know cos(t) = 0 whenever t = g + Tk for integers k.

This gives us one way to describe the domain of F: {t|t # g + k, for integers k}. To get a better feel for the
set of real numbers we'’re dealing with, we write out and graph the domain on the number line.

3 5
Running through a few values of k, we find some of the values excluded from the domain: t # ig, ﬁ:?ﬂ, i?ﬁ.
Using these we can graph the domain on the number line below.

< O O O O O o >
S S S S
51 3T ™ 0o 7 3T 57
2 2 2 2 2 2

Expressing this set using interval notation is a bit of a challenge, owing to the infinitely many intervals present.

As a first attempt, we have: ... U —5—7T —S—W U —B—W _r U(—Z E)U ES—W @] S—WS—W U
P 2’ 2 2’ 2 2’2 2’2 2’2

where, as usual, the periods of ellipsis indicate the pattern continues indefinitely.! Hence, for now, it suffices
™
to know that the domain of F(t) = sec(t) excludes the odd multiples of 7

To find the range of F, we find it helpful once again to view F(t) = sec(t) = . We know the range of

cos(t)

is undefined when cos(t) = 0, we split our discussion into

cos(t) is [—1, 1], and since F(t) = sec(t) = col(t)

two cases: when 0 < cos(t) < 1 and when —1 < cos(t) < 0.
1

cos(t)
Moreover, we see as cos(t) — 0%, sec(t) — oo. If, on the other hand, if —1 < cos(t) < 0, then dividing

If 0 < cos(t) < 1, then we can divide the inequality cos(t) < 1 by cos(f) to obtain sec(t) =

by cos(tf) causes a reversal of the inequality so that sec(t) = < —1. In this case, as cos(t) — 0,

cos(t)
sec(t) — —oo. Since cos(t) admits all of the values in [—1, 1], the function F(t) = sec(t) admits all of the
values in (—oo, —1] U [1, o).

Since cos(t) is periodic with period 27, it shoudn’t be too surprising to find that sec(t) is also. Indeed, provided
sec(a) and sec(S) are defined, sec(a) = sec(p) if and only if cos(a) = cos(5). Said differently, sec(t) ‘inherits’
its period from cos(t).

We now turn our attention to graphing F(tf) = sec(t). Using the table of values we tabulated when graphing
y = cos(t) in Section ??, we can generate points on the graph of y = sec(t) by taking reciprocals.

"We introduce an extended form of interval notation in Section 2?2 which gives us a more compact way to express this set.
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t || cos(t) sec(i) (t, sec(t))
0 1 1 (0,1)
s yﬂi s
Pl R B VR0
7 0 | undefined
3 \@ 3T
75 e (Fe)
T —1 —1 (7, —1)
5 V2 5
72| <4“5)
S?W 0 | undefined
7 V2 7
7| 2 ve (4’“5
or 1 1 (2m, 1)

Using the techniques developed in Section ??, we can more closely analyze the behavior of F near the

m
values excluded from its domain. We find as t — 5 cos(t) — 0%, so lim sec(f) = co. Similarly, we get
t—=5

. . . . . 0 3
lim sec(t) = —oo, lim sec(f) = —oo, and lim sec(t) = co. This means the lines t = — and t = — are
f—)g*’ [_)37‘"’* [*}377(*' 2 2

vertical asymptotes to the graph of y = sec(t).

With help from desmos, we graph a fundamental cycle of y = sec(t) with the graph of the fundamental cycle
of y = cos(t) dotted for reference.

Desmos link: https://www.desmos.com/calculator/z7krkvyf36

To get a graph of the entire secant function, we paste copies of the fundamental cycle end to end to produce

the graph below. The graph suggests that F(f) = sec(f) is even. Indeed, since cos(f) is even, that is,

cos(—t) = cos(t), we have sec(—t) = = = sec(t). Hence, along with its period, the secant
(1) = cos(t) (0= Sos=5 ~ os = 5 9 p

function inherits its symmetry from the cosine function.

Desmos link: https://www.desmos.com/calculator/eiooggph2y

As one would expect, to graph G(t) = csc(t) we begin with y = sin(f) and take reciprocals of the corresponding
y-values. Here, we encounterissues att = 0, t = 7, t = 27, and, in general, at all whole number multiples of 7,
so the domain of Gis {t |t # 7k, for integers k}. Not surprisingly, these values produce vertical asymptotes.

Proceeding as above, we can generate a table of values for the cosecant function by taking reciprocals of
known sine values.
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X || sin(x) csc(x) (x, csc(x))
0 0 | undefined

T V2 T

— | == 2 —V2
% 2 f (4’7:[)
T G
3 2 3T
7 2 ve <4ﬁ)
s 0 | undefined

57 \@ 51
T2 | (5
STy 1 (SW,1>
2 2

7T \/5 7

2| 2] v (4’f)
2T 0 | undefined

Plotting these points and performing a similar analysis to the gaps in the domain, we can construct the graph
of one cycle of the cosecant function (with a little help from desmos) below.

Desmos link: https://www.desmos . com/calculator/gbgxaulwmy
Pasting copies of the fundamental period of y = csc(t) end to end produces the graph below. Since the graphs
of y = sin(t) and y = cos(t) are merely phase shifts of each other, it is not too surprising to find the graphs of
y = csc(t) and y = sec(t) are as well.

Desmos link: https://www.desmos.com/calculator/4plklhdy86

As with the graph of secant, the graph below suggests symmetry. Indeed, since the sine function is odd, that
1

sin(—t) _ sin(f)

is sin(—t) = — sin(t), so too is the cosecant function: csc(—t) = = —csc(f). Hence, the
graph of G(t) = csc(t) is symmetric about the origin.

Note that, on the intervals between the vertical asymptotes, both F(t) = sec(t) and G(t) = csc(t) are continu-
ous and smooth. In other words, they are continuous and smooth on their domains.?

The following theorem summarizes the properties of the secant and cosecant functions. Note that all of these
properties are direct results of them being reciprocals of the cosine and sine functions, respectively.

Theorem 1. Properties of the Secant and Cosecant Functions

» The function F(t) = sec(t)

has domain {t| t ;’g +7k, kisan integer}

has range (—oo, —1] U [1, o)
is continuous and smooth on its domain

is even

has period 27

+ The function G(t) = csc(t)

2Just like the rational functions in Chapter ?? are continuous and smooth on their domains because polynomials are continuous and
smooth everywhere, the secant and cosecant functions are continuous and smooth on their domains since the cosine and sine functions
are continuous and smooth everywhere.
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has domain {t|t # 7k, kis an integer}
has range (—oo, —1] U [1, o0)

is continuous and smooth on its domain
is odd

has period 27

In the next example, we discuss graphing more general secant and cosecant curves. We make heavy use of
the fact they are reciprocals of sine and cosine functions and apply what we learned in Section ??2.

Example 1. Graph one cycle of the following functions. State the period of each.

1. f(f) =1 — 2sec(21)

2. g(t) = csc(fm‘sf m)—5

Explanation. 1. To graph f(t) = 1 — 2sec(2t), we follow the same procedure as in Example ??. That is,
we use the concept of frequency and phase shift to identify quarter marks, then substitute these values
into the function to obtain the corresponding points.

If we think about a related cosine curve, y = 1 — 2 cos(2t) = —2 cos(2t) + 1, we know from Section ??,
2
that the frequency is w = 2, so the period is T = ?W = 7. Since the phase ¢ = 0, there is no phase

shift. Hence, the new quarter marks for this curve are t = 0, t = % t= g t= 7 and t = .

Since we obtained the fundamental cycle of the secant curve from the fundamental cycle of the cosine
curve, these same f-values are the new quarter marks for f(f) = 1 — 2 sec(2t).

Substituting these t values f(t), we get the table below. Note that if f(t) exists, we have a point on the
graph; otherwise, we have found a vertical asymptote.®

t f(t) | (1, £(1))
0 -1 (0,—1)
™ -

1 undefined

s ™
2 3] (3:3)
% undefined

Vs

—1 | (m,—1)

With the help of desmos, we graph one cycle of f(tf) = 1 — 2sec(2t) below along with the associated
cosine curve, y = 1 — 2 cos(2t) which is dotted, and confirm the period is 7 — 0 = 7.

Desmos link: https://www.desmos.com/calculator/gyzoglc7gj

csc(—mt —
2. As with the previous example, we start graphing g(t) = (=m 3 m)
sin(—wt—m) —5
marks of the associated sine curve: y = % =3 sin(—nt — ) — 3

-5
by first finding the quarter

Since the coefficient of t is negative, we make use of the odd property of sine to rewrite the function as:

1 5 1 5 1
y = gsin(—m‘— ) — 3= gsin(—(m‘+7r)) ~3°73 sin(wt + ) — 3

3As with the examples in Section 2?2, note that we can partially check our answer since the argument of the secant function should
simplify to the ‘original’ quarter marks - the quadrantal angles.
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2
We find the frequency is w = 7, so the period is T = T _ 2 The phase is ¢ = m, so the phase shift
7T

is T —1. Hence the fundamental cycle [0, 27] is shifted to the interval [—1, 1] with quarter marks
7T

1 1
t=—1,t=——,t=0,t==-and t=1.
2 2

Substituting these t-values into g(f), we get the table of values below.

t g(1) (t, g(t)
—1 || undefined

1 (22)
—— 2| (-2, -2

2 2

0 || undefined

1 4 1 4

2 3 (2’ _3)

1 || undefined

With help from desmos, we generate the graph below and confirm the period is 1 — (—1) = 2. The
sin(—nt—m) —5

3 , is dotted in as a reference.

associated sine curve, y =
Desmos link: https://www.desmos.com/calculator/btir8ep9il

As suggested in Example ??, the concepts of frequency, period, phase shift, and baseline are alive and well
with graphs of the secant and cosecant functions. Since the secant and cosecant curves are unbounded, we
do not have the concept of ‘amplitude’ for these curves. That being said, the amplitudes of the corresponding
cosine and sine curves do play a role here - they measure how wide the gap is between the baseline and the
curve.

We gather these observations in the following result whose proof is a consequence of Theorem ?? and is
relegated to Exercise ??.

Theorem 2. For w > 0, the graphs of

F(t) = Asec(wt+ @)+ B and G(t) = Acsc(wt+¢) +B
2
* have period T = il
w
* have phase shift —?
w

+ have ‘baseline’ B and have a vertical gap |A| units between the the baseline and the graph.*

We put Theorem ?? to good use in the next example.

Example 2. Below is the graph of one cycle of a secant (cosecant) function, y = f(t).

*In other words, the range of these functions is (—co, B — |A[]U [B + |A|, 00).
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+

l - : -t
T n 5m
? 12 6
I
I
I

1. Write f(t) in the form F(t) = Asec(wt + ¢) + B forw > 0.

2. Write f(t) in the form G(f) = Acsc(wt + ¢) + B for w > 0.

5 2
Explanation. 1. We first note the period: T = g — (—%) =m.Since T = il T, we getw = 2.
w

To find the phase ¢, we need to first determine the phase shift. Recall that what is graphed here is
only one cycle of the function, so by copying and pasting one more cycle, we identify what looks like a
fundamental cycle of the secant function to us®

Ve ¢ TIm Vs
We get the phase shift is — so solving —— = —, weget ¢ = ——.
g P 12 g 2 12 get ¢ 6
To find the baseline, B, we take a cue from our work in Example ?? in Section ??. We find the average
—2+0
of the local minimums and maximums to be L —1, s0 B = —1. Since there is a 1 unit gap

between the baseline and the graph of the function, we have A = 1. Alternatively, we can sketch the
corresponding cosine curve (dotted in the figure below) and determine B and A that way.

7
We find our final answer to be f(t) = sec <2t — g) — 1. As usual, we check our answer by graphing.

Desmos link: https://www.desmos. com/calculator/wpxkqo7afu

2. Since the secant and cosecant curves are phase shifts of each other, we could find a formula for f(t) in

7
terms of cosecants by shifting our formula F(t) = sec (22‘ — g) — 1. We leave this to the reader.®

Working ‘from scratch, we would find 7 = 7, w = 2, B = —1, and A = 1 the same as above.” To
determine the phase shift, we refer to the figure given to us in the problem above.

2
Since the phase shift is g we solve —g = g togeto = —g. Putting all our work together, we get our

2
final answer: f(t) = csc (Zt — ;) — 1. Again, our best check here is to graph.

5Assuming A > 0, that is.
6See Exercise 27?.
7 Again, assuming we want A > 0.
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We cannot stress enough that our answers to Example ?? are one of many. For example, in Exercise ??, we
ask you to rework this example choosing A < 0. It is well worth the time to think about what relationships exist
between the different answers, however. For now, we move on to graphing the last pair of circular functions:
tangent and cotangent curves.

2 Graphs of the Tangent and Cotangent Functions

. . I sin(t i
Next, we turn our attention to the tangent and cotangent functions. Viewing J(t) = tan(t) = cos((t))’ we find the
domain of J excludes all values where cos(t) = 0. Hence, the domain of J is {t|t # g + 7k, for integers k}.
Using this information along with the common values we derived in Section ??, we create the table of values

below.

t tan(t) (t, tan(t))
0 0 (0,0)
s s
i (31)
74r 4
> undefined
3 (%)
4 4
us 0 (7, 0)
5¢ INED
4 4
3
?ﬁ undefined
Vs <7W )
— —1 —, =1
4 4
27 0 (27, 0)

Investigating the behavior near the values excluded from the domain, we find as t — % ,sin(f) - 1~ and

cos(t) — 0*. Hence, lim tan(t) = co producing a vertical asymptote to the graph at t = g Similarly, we get
t—=35~
thatas lim tan(f) = —co, lim tan(t) = oo, and lim tan(f) = —oc.

jus — +
t=3" t—3% t—3F

Putting all of this information together, we graph y = tan(t) with help from desmos over the interval [0, 27]
below.

Desmos link: https://www.desmos.com/calculator/v1k0j42adn
After the usual ‘copy and paste’ procedure, we create the graph of y = tan(t) below:
Desmos link: https://www.desmos.com/calculator/hcvtzhuwng

The graph of y = tan(t) suggests symmetry through the origin. Indeed, tangent is odd since sine is odd and
sin(—t —sin(t

cosine is even: tan(—t) = (=0 = () = —tan(t).
cos(—t) cos(t)

We also see the graph suggests the range of J(t) = tan(t) is all real numbers, (—oo, o). We present one

proof of this fact in Exercise ??.

Moreover, as noted in Section ??, the period of the tangent function is 7w, and we see that reflected in the
graph. This means we can choose any interval of length 7 to serve as our ‘fundamental cycle’
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We choose the cycle traced out over the (open) interval (—g g) as highlighted above. In addition to the
asymptotes at the endpoints t = ig, we use the ‘quarter marks’ t = i% and f = 0.

cos(t)

sin(t)’

the domain

It should be no surprise that K(t) = cot(t) behaves similarly to J(t) = tan(t). Since cot(t) =

of K excludes the values where sin(t) = 0: {t|t # 7k, for integers k}.

cot(t) (t, cot(1))

undefined
T
‘ (%’ 1)
o| (39
1 <3W,_1
4

undefined

1

7
1 <W,_1
4

27 || undefined

SIS EN IR EN - W RSN -

After analyzing the behavior of K near the values excluded from its domain, we use desmos to help with
plotting points and graph y = cot(t) over the interval [0, 27] below.

Desmos link: https://www.desmos.com/calculator/rlkri14n3t2
As usual, pasting copies end to end produces the graph of K(t) = cot(t) below.
Desmos link: https://www.desmos.com/calculator/hevswagsfm

As with J(t) = tan(t), the graph of K(f) = cot(t) suggests K is odd, a fact we leave to the reader to prove in
Exercise ??. Also, we see that the period of cotangent (like tangent) is 7 and the range is (—oo, ©0).

We take as one fundamental cycle the graph as traced out over the interval (0, 7), highlighted above, with
™ m m
uarter marks: t=0,t=—,t=—,t=—and t=r.
g 2727
The properties of the tangent and cotangent functions are summarized below. As with Theorem ??, each of
the results below can be traced back to properties of the cosine and sine functions and the definition of the

tangent and cotangent functions as quotients thereof.

Theorem 3. Properties of the Tangent and Cotangent Functions

» The function J(t) = tan(t)

has domain {t| t 7!% + 7k, kisan integer}

has range (—o0, c0)

is continuous and smooth on its domain

— is odd
— has period 7
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» The function K(t) = cot(t)

has domain {t|t # 7k, kis an integer}

has range (—oo, 00)

is continuous and smooth on its domain
is odd

has period 7

Unlike the secant and cosecant functions, the tangent and cotangent functions have different periods than
sine and cosine. Moreover, in the case of the tangent function, the fundamental cycle we’'ve chosen starts at

s
—— instead of 0. Nevertheless, we can use the same notions of period and phase shift to graph transformed

versions of tangent and cotangent functions, since these results ultimately trace back to applying Theorem
??. We state a version of Theorem ?? for tangent and cotangent functions below.

Theorem 4. For w > 0, the functions

J(t) = Atan(wt + ¢) + B and  K(t) = Acot(wt + ¢) + B

* have period T = T
w
 have vertical shift or ‘baseline’ B

» The phase shift for y = J(t) is —? — l_
w 2w

» The phase shift for y = K(t) is —?.
w

The proof of the proof of Theorem ?? is left to the reader in Exercise ??.

We put Theorem ?? to good use in the following example.

Example 3. Graph one cycle of the following functions. Find the period.

1. f(f)=1—tan (;—77)

2. g(t) =2cot(2m — mt) — 1.

1
Explanation. 1. Rewriting f(t) so it fits the form in Theorem ??, we get f(t) = —tan <2t + (7r)> +1.

— 27. Since ¢ = —, the phase shift is —% - 2(177/2) -7

1 s
With w = —, we find the period T = —
YT P 1/2
2
Hence, one cycle of f(t) starts at t = 7 and finishes at t = w + 27 = 37w. Our quarter marks are TT = g

3
7t=

5
units apartandare t =7, t = — 2m, t = - and, finally, t = 3.

Substituting these t-values into #(t), we find points on the graph and the vertical asymptotes.®

8Here, as with all tangent functions, we can partially check our new quarter marks by noting the argument of the tangent function
™ T
simplifies, in each case, to one of the original quarter marks of the interval (— 2 E>'
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ft) | (& (1)

7 || undefined

= e (%)
2 2

2w 1 (2m, 1)

= o[ ()
2 2

37 || undefined

We use desmos to help us produce the graph below

Desmos link: https://www.desmos.com/calculator/it4qlhbvkg

We confirm that the period is 37 — 7 = 2.

2. To put g(t) into the form prescribed by Theorem ??, we make use of the odd property of cotangent:
g(t) =2cot (2w — wt) — 1 = 2cot(—[nt — 27]) — 1 = —2cot(nt — 27w) — 1 = —2cot(nt + (—2m)) — 1.

We identify w = 7 so the period is T = T_1. Since ¢ = —2m, the phase shift is — T _o2 Hence,
T

one cycle of g(t) startsatt =2 andendsatt=2+1=3.

1 9 5
Our quarter marks are 1 units apartandare t =2, t = 7 t= 5 t= T and t = 3. We get the following
table of values:

g(f) (t, g(1)
undefined

-3

iy (
11

1 <,1
4

undefined

N s
w =[N0 O N |~

Desmos once again helps with the graph:

Desmos link: https://www.desmos.com/calculator/vwhrak3xer

We confirm the periodis 3 —2 = 1.

Our next example flips the script and we reverse engineer tangent and cotangent functions from a graph.

Example 4. Below is the graph of one cycle of a tangent (cotangent) function, y = f(t).
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y

1. Write f(t) in the form J(t) = Atan(wt + ¢) + B for w > 0.

2. Write f(t) in the form K(t) = Acot(wt + ¢) + B forw > 0.

Explanation. 1. We first find the period T = 10 — (—2) = 12. Per Theorem ??, we know T 12, or
T w

12°

Next, we look for the phase shift. We notice the cycle graphed for us is decreasing instead of the usual
increasing we expect for a standard tangent cycle. When this sort of thing happened in Examples ??
and ??, we pasted another cycle of the function and used that to help identify the phase shift in order
to keep the value of A > 0. Here, no amount of ‘copying and pasting’ will produce an increasing cycle
(do you see why?), so we know A < 0 and use —2 as the phase shift.

. . 10} T o T T

The formula given in Theorem ?? tells us —— — — = —2 so substituting w = — gives ¢ = ——.
w 2w 12 3

Next, we see the baseline here is still the t-axis, so B = 0. This means all that’s left to find is A. We have

already established that A < 0 to account for the reflection across the t-axis. Moreover, the y-values of

the points off of the baseline are 3 units from the baseline, indicating a vertical stretch by a factor of 3.

Hence, A= —3 and f(t) = —3tan (%t — g) As usual, the ultimate check is to graph.

w =

2. Wefind T=12,w = 1, and B = 0 as above. Since the fundamental cycle of cotangent is decreasing,
we know A > 0 and identify the phase shift as —2.

Using Theorem ??, we know —? = —2 s0 substituting w = % we get ¢ = g
w

As above, the vertical stretch is by a factor of 3, so we take A = 3 for our final answer: f(f) =
3cot (%t + %) As always, we check our answer by graphing.
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GRAPHS OF SECANT, COSECANT, TANGENT, AND COTANGENT FUNCTIONS

Once again, our answers to Example ?? are one of many, and we invite the reader to think about what all of
the solutions would have in common. We close this section with an application.

Example 5. Let 6 be the angle of inclination from an observation point on the ground 42 feet away from the
launch site of a model rocket. Assuming the rocket is launched directly upwards:

1. Find a formula for f(#), the distance from the rocket to the ground (in feet) as a function of 6. Find and
™
interpret f (—)
Pretiis
2. Find a formula for g(#), the distance from the rocket to the observation point on the ground (in feet) as

a function of 6. Find and interpret g (W)

3
3. Find and interpret lim f(f) and lim g(6).
0—35~ 0—35~

Explanation. We begin by sketching the scenario below. Since the rocket us launched ‘directly upwards, we
may assume the rocket is launched at a 90° angle which provides us with a right triangle.

rocket

~
—
)
=
—
=

B ety

“\ 0
observation point &

42 ft.

]

1. From the remarks preceding Theorem ??, we know the definitions of the circular functions agree with
those specified for acute angles in right triangles as described in Definition ?? in Section ??. Hence,

tan(d) = ;(—Z) so f() = 42tan(6).

We find f (g) = 42tan (g) = 304/3. This means when the angle of inclination is g or 60°, the rocket
is or 30\/3 ~ 73 feet off of the ground.

0
2. Again, working with the triangle, we find sec(d) = % so that g(f) = 42sec(d). We find g (g) =

42sec (g) = 84, so when the angle of inclination is 60°, the rocket is 84 feet from the observation
point on the ground.

3. We find both Iim f(f) = coand lim g(f) = co, which we can verify graphically. This means as the
61— 0—T—

2
angle of inclination approaches g or 90°, the distances from the rocket to the ground and from to the

rocket to the observation point increase without bound. Barring the effects of drift or the curvature of
space, this matches our intuition.
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GRAPHS OF SECANT, COSECANT, TANGENT, AND COTANGENT FUNCTIONS

3 Extended Interval Notation

Using interval notation to describe the domains of the secant, cosecant, tangent, and cotangent functions is
complicated by the fact there are infinitely many intervals to represent. In this section, we introduce extended
interval notation to handle these situations.

Let us return to the domain of F(t) = sec(t), {t|t # g + mk, for integers k}. Using interval notation, we

. . 50 3w 3r T« T T 37w 37 5r
describe thissetas: ..U ——,— U ——,—= | U (——, —) JUl=— Ul —,— | U
2 2 2 2 2 2 2 2 2 2

In order to write this set in a more compact way, we let t, denote the the kth real number excluded from the
™
domain. Thatis, f = > + mk. (This is sequence notation from Chapter ??.)

. . . . 7T 1}
Getting a common denominator and factoring out the 7 in the numerator, we get t = . The set we're

2k +1)
2

2k + 1) (2k + 3)w

after consists of the union of intervals determined by the successive points t: (i, fks1) = ( 2 , 5

where k ranges through the integers. We denote this union as:
o0

2k + 1)1 (2k +3)7
U (557 55%).

k=—o0

The reader should compare this notation with summation notation introduced in Section ??, in particular the
notation used to describe geometric series in Theorem ??. In the same way the index k in the series

oo
§ ark—1
k=1

never equals oo, but rather, ranges through all of the natural numbers, the index k in the union

“ [ @Ck+ ) (2k +3)7
U (%5755

k=—o0

never equals oo or —oo, but rather, this conveys the idea that k ranges through all of the integers.

Using extended interval notation, we summarize the domains and ranges of all six circular functions below.

Theorem 5. Domains and Ranges of the Circular Functions

e The function f(t) = cos(t) e The function g(t) = sin(t)

— has domain (—o0, 00) — has domain (—o0, 00)
—has range [—1, 1] —has range [—1,1]
e The function F(t) = sec(f) e The function G(t) = csc(t)
F(@Ck+ ) (2k+3 >
— has domain U <( ; )F, ( ; )W) — has domain U (km, (k + 1))
k=—o00 k=—o0
— has range (—oo, —1]U [1, 00) — has range (—oo, —1] U [1, 00)
e The function J(t) = tan(f) e The function K(t) = cot(t)
0 [((@Ck+ )T (2k +3)7 o
— has domain ky ( 5 , 5 — has domain k_L,J (km, (k + 1))
— has range (—oo, 00) —has range (—oo, o)
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