In Section ??, we saw how the arithmetic of real numbers carried over into an arithmetic of functions. In this
section, we discuss another way to combine functions which is unique to functions and isn’'t shared with real
numbers - function composition.

Definition 1. Let f and g be functions where the real number x is in the domain of f and the real number f(x)
is in the domain of g. The composite of g with f, denoted g o f, and read ‘g composed with f is defined by
the formula: (g o f)(x) = g(f(x)).

To compute (gof)(x), we use the formula given in Defintion ?2?: (gof)(x) = g(f(x)). However, from a procedural
viewpoint, Defintion ?? tells us the output from go f is found by taking the output from f, f(x), and then making
that the input to g. From this perspective, we see g o f as a two step process taking an input x and first
applying the procedure f then applying the procedure g. Abstractly, we have:

In the expression g(f(x)), the function f is often called the ‘inside’ function while g is often called the ‘outside’
function. When evaluating composite function values we present two methods in the example below: the
‘inside out’ and ‘outside in’ methods.

2s

Example 1. Let f(x) = x> — 4x, g(t) =2 — Vt + 3, and h(s) = T

In numbers ?? - ??, find the indicated function value.

1. (go (1)
2. (fog)(1)
3. (909)(6)

In numbers ?? - ??, find and simplify the indicated composite functions. State the domain of each.

(9o fx)
(fog)(t)
(g o h)(s)
(hog)(t)
(ho h)(x)
(ho(gox)
((hog)ofx)

N oo o &

© © ®

1

Explanation. 1. Using Definition ?2?, (g o f)(1) = g(f(1)
2 —+/(=8)+3 =2, we have (g o f)(1) = g(f(1)) =
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FUNCTION COMPOSITION

2. By definition, (f o g)(1) = f(g(1)). We find g(1) = 2 —v/1+3 = 0, and f(0) = (0)> — 4(0) = 0, so
(fog)(1) = f(g(1)) = f(0) = 0. Comparing this with our answer to the last problem, we see that
(g o f)(1) # (f o g)(1) which tells us function composition is not commutative,’

3. Since (g o 9)(6) = 9(g(6)), we ‘iterate’ the process g: that is, we apply the process g to 6, then apply
the process g again. We find g(6) =2 — v6+3 = —1,and g(—1) =2 — /(—1)+3 =2 — V2, so

(9 9)(6) = 9(g(6) = g(—1) =2 — V2.
4. By definition, (g o f)(x) = g(f(x)). We now illustrate two ways to approach this problem.

« inside out: We substitute f(x) = x> — 4x in for t in the expression g(t) and get

(o NX) =g(f(x) =g (x* —4x) =2 — \/(x* —4x) +3=2— /x2 —4x +3
Hence, (go f)(x) =2 — /X2 — 4x + 3.

* outside in: We use the formula for g first to get

(goNx)=9g(f(x)) =2 — /f(x)+3=2—/(x* —4x) +3=2— \/x2 —4x +3

We get the same answer as before, (g o f)(x) =2 — /X2 — 4x + 3.

To find the domain of g o f, we need to find the elements in the domain of f whose outputs f(x) are
in the domain of g. Since the domain of f is all real numbers, we focus on finding the range elements
compatible with g. Owing to the presence of the square root in the formula g(t) = 2 — Vt+3 we
require t > —3. Hence, we need f(x) > —3 or x> — 4x > —3. To solve this inequality we rewrite as
x? — 4x +3 > 0 and use a sign diagram. Letting r(x) = x> — 4x + 3, we find the zeros of r to be x = 1
and x = 3 and obtain the sign diagram below.

a
Y

Our solution to x> — 4x + 3 > 0, and hence the domain of g o f, is (—oo, 1] U [3, 00).

5. To find (f o g)(t), we find f(g(t)).

* inside out: We substitute the expression g(f) = 2 — v/t + 3 in for x in the formula f(x) and get

f(g(t))=,«<2,m)
- (2—\/@)2—4(2—\/@)
- 4-aVe3+ (Vie3) —84+avies

= 4+t+3-8
= t-1

(fog)(t)

"That is, in general, go f # f o g. This shouldn’t be too surprising, since, in general, the order of processes matters: adding eggs to a
cake batter then baking the cake batter has a much different outcome than baking the cake batter then adding eggs.
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FUNCTION COMPOSITION

* outside in: We use the formula for f(x) first to get

(fog)(t) f(g(1) = (Q(t)): —4(g(1)
(2—xﬁ?§)-—4<2—¢t+@

t—1 same algebra as before

Thus we get (f o g)(t) = t — 1. To find the domain of f o g, we look for the elements t in the domain
of g whose outputs, g(f) are in the domain of f. As mentioned previously, the domain of g is limited by
the presence of the square root to {t € R |t > —3} while the domain of f is all real numbers. Hence,
the domain of f o g is restricted only by the domain of g and is {t € R|t > —3} or, using interval
notation, [—3, c0). Note that as with Example ?? in Section ??, had we used the simplified formula for
(fo g)(t) = t — 1 to determine domain, we would have arrived at the incorrect answer.

6. To find (g o h)(s), we compute g(h(s)).

* inside out: We substitute h(s) in for f in the expression g(t) to get

(g o h)(s)

I
Q
=
b
1}
Q
R
[\
%)
N——

2s 3 (s+1)
= get common denominators
S+ 1 s+1

* outside in: We use the formula for g(t) first to get

(goh)s) = —/h(s)+3

\/ m)

55+3
s+1

Il
7N

get common denominators as before

To find the domain of g o h, we need the elements in the domain of h so that h(s) is in the domain of g.
Owing to the s + 1 in the denominator of the expression h(s), we require s ¥ —1. Once again, because
of the square root in g(tf) = 2 — vVt +3, we need t > —3 or, in this case h(s) > —3. To use a sign
diagram to solve, we rearrange this inequality:

2s

s+1
23+

s+ 1
5543

s+1

-3

Y

Y
o

get common denominators as before

Defining r(s) =

a1’ we see r is undefined at s = —1 (a carry over from the domain restriction of h)
+

andr(s)=0ats= ~5 Our sign diagram is:

(+) (=) (+)

A
A 4
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#)
—,00 |.
5

hence our domain is (—oo, —1) U [—

7. We find (h o g)(t) by finding h(g(t)).

* inside out: We substitute the expression g(f) for s in the formula h(s)

(hog)t) = higlt) =h (2~ t+3)
2( t+3)
) (2 t+3) +1
—2vt+3
T 3-Vt+3

 outside in: We use the formula for h(s) first to get

(hog)(t)

I
=y
Q
=

To find the domain of h o g, we need the elements of the domain of g so that g(t) is in the domain of h.
As we've seen already, for t to be in the domaln of g, t > —3. For s to be in the domain of h, s # —1, so

we require g(t) # —1. Hence, we solve g(t)

-Vt = —1 with the intent of excluding the solutlons

Isolating the radical expression gives \/t+ = 3 ort = 6. Sure enough, we check g(6) = —1 so we
exclude t = 6 from the domain of h o g. Our final answer is [—3, 6) U (6, o).

8. To find (h o h)(s) we find h(h(s)):

* inside out: We substitute the expression h(s) for s in the expression h(s) into h to get

]
>

(ho h)(s)

=)

* outside in: This approach yields

(ho h)(s) =
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2(g5)

&)+

4s
= same algebra as before
35+1 9

To find the domain of h o h, we need to find the elements in the domain of h so that the outputs, h(s)
are also in the domain of h. The only domain restriction for h comes from the denominator: s # —1, so
in addition to this, we also need h(s) # —1. To this end, we solve h(s) = —1 and exclude the answers.

2s 1 1 1
=—1gi = ——.Thed inof hohis (—oco,—1)U | —1,—= U | —=, .
P 1 gives s 3 e domain of ho his (—o0 ) ( 3) ( 3 oo)

Solving

9. The expression (ho (g o f))(x) indicates that we first find the composite, g o f and compose the function

h with the result. We know from number ?? that (g o f)(x) = 2 — v/ x? — 4x + 3 with domain (—oo, 1]U
[3, 00). We now proceed as usual.

« inside out: We substitute the expression (g o f)(x) for s in the expression h(s) first to get
h((g o f)(x)) = h (2 VX —ax+ 3)

2(2—Vx?—4x+3)
(2— VxZ—4x+3) +1

(ho(gofx)

_4-2vx*—4x+3
T 3—Vx2—4x+3

 outside in: We use the formula for h(s) first to get

_ 2(ig° N

g2 00N = g0 A+ 1
2(2—Vx?2—4x+3)
(2—Vx2—4x+3) +1

(ho(gof)x)

~ 4 —2v/x2—4x+3
83— Vx2—4x+3

To find the domain of h o (g o f), we need the domain elements of g o f, (—oo, 1] U [3, 00), so that
(g o f)(x) is in the domain of h. As we’ve seen several times already, the only domain restriction for
hiss # —1, so we set (go f)(x) = 2 — Vx> —4x+3 = —1 and exclude the solutions. We get
/X2 — 4x + 3 = 3, and, after squaring both sides, we have x* — 4x +3 =9. We solve x> —4x —6=10
using the quadratic formula and obtain x = 2 4 v/10. The reader is encouraged to check that both of
these numbers satisfy the original equation, 2 — v/x2 — 4x + 3 = —1 and also belong to the domain of
gof, (—o0,1]U[3, 00), and so must be excluded from our final answer.? Our final domain for ho (f o g)

is (—00,2 — v/10) U (2 — V10, 1] U {3,2+M) U <2+\/ﬁ,oo).

10. The expression ((h o g) o f)(x) indicates that we first find the composite h o g and then compose that
with f. From number ??, we have

4—-2Vt+3
oo s

with domain [—3, 6) U (6, 00).

* inside out: We substitute the expression f(x) for t in the expression (h o g)(t) to get

2We can approximate V10 ~ 3s02 — V10~ —1and2 + v10 = 5.
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p. 6

((hog)ofx) (ho g)(f(x)) = (hog) (x* — 4x)

4—-2,/(x2—4x)+3

3—/(x2—4x)+3

_4-2vx*—4x+3
83— Vx2—4x+3

» outside in: We use the formula for (h o g)(t) first to get

4 —2/(fx) +3

(hog)(f(x)) = NV orel
4-2,/(x2—4x) +3

((hog)o fx)

3—4/(x2—4x)+3

 4-2Vx2—4x+3
© 3—Vx2—4x+3

Since the domain of f is all real numbers, the challenge here to find the domain of (ho g) o fis to
determine the values f(x) which are in the domain of ho g, [—3, 6) U (6, o). At first glance, it appears
as if we have two (or three!) inequalities to solve: —3 < f(x) < 6 and f(x) > 6. Alternatively, we
could solve f(x) = x> — 4x > —3 and exclude the solutions to f(x) = x2 — 4x = 6 which is not only
easier from a procedural point of view, but also easier since we've already done both calculations.
In number 2?2, we solved x> — 4x > —3 and obtained the solution (—oco, 1] U [3, c0) and in number
22, we solved x> — 4x — 6 = 0 and obtained x = 2 + v/10. Hence, the domain of (ho g) o f is

(—oo,z—M)U(z—m,ﬂu[3,2+M)u(2+m,oo). m

As previously mentioned, it should be clear from Example ?? that, in general, g o f # f o g, in other words,
function composition is not commutative. However, numbers ?? and ?? demonstrate the associative property
of function composition. That is, when composing three (or more) functions, as long as we keep the order
the same, it doesn’t matter which two functions we compose first. We summarize the important properties of
function composition in the theorem below.

Theorem 1. Properties of Function Composition: Suppose f, g, and h are functions.

» Associative Law of Composition: ho(gof) = (hog)of, provided the composite functions are defined.

« Composition Identity: The function /(x) = x satisfies: /o f = f o | = f for all functions, f.

By repeated applications of Definition ??, we find (h o (g o f))(x) = h((g o f)(x)) = h(g(f(x))). Similarly,
((hog)ofx) = (hog)(f(x)) = h(g(f(x))). This establishes that the formulas for the two functions are the
same. We leave it to the reader to think about why the domains of these two functions are identical, too. These
two facts establish the equality ho(gof) = (hog)of. A consequence of the associativity of function composition
is that there is no need for parentheses when we write hogof. The second property can also be verified using
Definition ??. Recall that the function /(x) = x is called the identity function and was introduced in Exercise
?? in Section ??. If we compose the function / with a function f, then we have (/ o f)(x) = I(f(x)) = f(x), and
a similar computation shows (f o /)(x) = f(/(x)) = f(x). This establishes that we have an identity for function
composition much in the same way the function /(x) = 1 is an identity for function multiplication.

As we know, not all functions are described by formulas, and, moreover, not all functions are described by
just one formula. The next example applies the concept of function composition to functions represented in
various and sundry ways.

Example 2. Consider the following functions:
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.« f(x) = 6x — x°

2t—1 if—-1<t<3,

c9B =9, ,
t ift > 3.

* h= {(_31 1)! (_2! 6)! (O! _2)1 (1 ’ 5)1 (3! _1)}
» s whose graph is given below:

Ay

(5,0)

Y

(2,-2)

1. Find and simplify the following function values:

2. Find and simplify a formula for (g o f)(x).
3. Write s o h as a set of ordered pairs.

Explanation. 1. (i) Tofind (go f)(2 ) 9(f(2)) we first find £(2) = 6(2) — (2)* = 8. Since 8 > 3, we use
the rule g(t) = 2 so g(8) = (8)? = 64. Hence, (g o f)(3) = g(f(3)) = g(8) = 64.
(i) Since (ho g)(—1) = h(g(—1)) we first need g(—1). Since —1 < —1 < 3, we use the rule
g(t) = 2t — 1 and find g(—1) = 2(—1) — 1 = —3. Next, we need h(—3). Since (—3 ) € h, we have
that h(—3) = 1. Putting it all together, we find (ho g)(—1) = h(g(—1)) = h(—3) =
(iii) Tofind (ho s)(—2) = h(s(—2)) , we first need s(—2). We see the point (—2, 3) is on the graph of s,
so s(—2) = 3. Next, we see (3, —1) € h,so h(3) = —1. Hence, (hos)(—2) = h(s(—2)) = h(3) = —1.
(iv) To find (f o s)(0) = f(s(0)) we infer from the graph of s that it contains the point (0, 3), so s(0) = 3.
Sine £(3) = 6(3) — (3)? = 9, we have (f o s)(0) = f(s(0)) = f(3) = 9.

2. To find a formula for (g o f)(x) = g(f(x)), we substitute f(x) = 6x — x2 in for t in the formula for g(t):

2(6x —x?) —1 if—1<6x—x*<3,

(g o f)(x) = g(f(x)) = g(6x — x%) = .
(6x — x?)? if 6x — x2 > 3.
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Simplifying each expression, we get 2(6x — x?) — 1 = —2x2 + 12x — 1 for the first piece and (6x —
x?)2 = x* — 12x® + 36x2 for the second piece. The real challenge comes in solving the inequalities
—1 < 6x — x? < 3and 6x — x> > 3. While we could solve each individually using a sign diagram,
a graphical approach works best here. We graph the parabola y = 6x — x2, finding the vertex is (3, 9)
with intercepts (0, 0) and (6, 0) along with the horizontal lines y = —1 and y = 3 below. We determine
the intersection points by solving 6x — x = —1 and 6x — x? = 3. Using the quadratic formula, we find
the solutions to each equation are x = 3 + /10 and x = 3 + /6, respectively.

y

41 /3-v6,3 \ 3+16,3)

X

-2 2 4

_oll(3=+10,-1) *(3+\1ﬁ0,1)

From the graph, we see the parabola y = 6x — x° is between the lines y = —1 and y = 3 from
x =3—+110to x = 3 — V6 and again from x = 3 +6to x = 3 ++/10. Hence the solution to
—1 <6x—x><3is[3—110,3—v6)U(3+V6,3+v10]. We also note y = 6x — x? is above the line
y = 3 for all x between x = 3 — v/6 and 3 + v/6. Hence, the solution to 6x — x* > 3is [3 — v/6,3 + V6].
Hence,

—2x2 4 12x — 1 if x €[3—1+10,3—v6)U (3 +v6,3+10],

(@ohx) =4 = "0
X" —12x° + +36x° ifx € [3—\f6,3+\@].
3. Last but not least, we are tasked with representing s o h as a set of ordered pairs. Since h is described
by the discrete set of points h = {(—3, 1), (—2,6), (0, —2), (1, 5), (3, —1)}, we find s o h point by point.
We keep the graph of s handy and construct the table below to help us organize our work.

Ay

(2,-2)
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x || h(x) | s(h(x))
-3 1 3
—2 6 | undefined
0| —2 3
5 | undefined
3| —1 3

Since neither 6 nor 5 are in the domain of s, —2 and 1 are not in the domain of s o h. Hence, we get
soh={(-3,3),(0,3),(3,3)}.

A useful skill in Calculus is to be able to take a complicated function and break it down into a composition
of easier functions which our last example illustrates. As with Example ??, we want to avoid trivial decom-
positions, which, when it comes to function composition, are those involving the identity function /(x) = x as
described in Theorem ?2.

Example 3.

1. Write each of the following functions as a composition of two or more (non-identity) functions. Check
your answer by performing the function composition.

(i) F(x)=[3x—1|
2
211
Vs+1
Vs —1

(i) G(t) =

(iii) H(s) =

2x — 1
2. For F(x) = Xi, find functions f, g, and h to decompose F nontrivially as F = f o g .
X2 +4 h

Explanation. There are many approaches to this kind of problem, and we showcase a different methodology
in each of the solutions below.

1. (i) Our goal is to express the function F as F = g o f for functions g and f. From Definition ??, we
know F(x) = g(f(x)), and we can think of f(x) as being the ‘inside’ function and g as being the
‘outside’ function. Looking at F(x) = [3x — 1| from an ‘inside versus outside’ perspective, we can
think of 3x — 1 being inside the absolute value symbols. Taking this cue, we define f(x) = 3x — 1.
At this point, we have F(x) = |f )]. What is the outside function? The function which takes the
absolute value of its input, g(x) = |x|. Sure enough, this checks: (g o f)(x) = g(f(x)) = |f(x)| =
[3x — 1] =

(i) We attack deconstructing G from an operational approach. Given an input t, the first step is to
square t, then add 1, then divide the result into 2. We will assign each of these steps a function so
as to write G as a composite of three functions: f, g and h. Our first function, f, is the function that
squares its input, f(t) = t2. The next function is the function that adds 1 to its input, g(t) = t + 1.

2
Our last function takes its input and divides it into 2, h(t) = re The claim is that G = ho g o f which

checks: )
(hogof)(t) = h(g(f(t)) = h(g (f*)) = h (P +1) = o G(x).
+1
(iii) If we look H(s) = \\f with an eye towards building a complicated function from simpler func-

tions, we see the expression /s is a simple piece of the larger function. If we define f(s) = v/s,
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we have H(s) = ff((;) i11 .

g(s) by looking at what is being done to f(s). We take g(s) = ji

If we want to decompose H = g o f, then we can glean the formula for

1
T and check below:

(g o f)(s) = g(f(s)) = = = H(s).

2. Towrite F=fo (%) means

o= % = (1o (2)) 0=1((2) ) -1 (22).

Working from the inside out, we have a rational expression with numerator g(x) and denominator h(x).
Looking at the formula for F(x), one choice is g(x) = 2x — 1 and h(x) = x> + 4. Making these identifica-

tions, we have
2x—1 a(x)
x2+4 \| h(x)
9(x)

Since F takes the square root of m the our last function f is the function that takes the square root

of its input, i.e., f(x) = V/x. We leave it to the reader to check that, indeed, F = f o (%)

We close this section of a real-world application of function composition.

Example 4. The surface area of a sphere is a function of its radius r and is given by the formula S(r) = 4xr?.
Suppose a spherical balloon is inflated so that the radius of the sphere is increasing according to the formula
r(t) = 2t, where t is measured in minutes (min), t > 0, and r is measured in centimeters (cm). Find and
interpret (S o r)(t).

Explanation. The function S(r) gives the surface area of the sphere and r(t) gives the radius of the sphere
at a given time. Given a specific time, t, we find the radius at that time, r(t) and feed that into S(r) to find the
surface area. Hence, the surface area S is ultimately a function of time t and we find (S o r)(t) = S(r(t)) =
4r(r()? = 4 (2t)% = 167t2. This formula allows us to compute the surface area directly given the time
without going through the ‘intermediary variable’ r.

1 Related Rates

In Section ??, we studied the difference operator, A and showed how average rates of change operate with
the basic function arithmetic. In this section, we explore how rates of change of composite functions are
related to the rates of change of their constituent functions. As in that section, we’ll use the formulation:

A[f(X)]  f(x + Ax) — f(x)
Ax Ax , AxH0,

adjusting the names of functions and independent variables as needed.
As a motivational example, we revisit the scenario in Example ??.
Example 5. The surface area of a sphere is a function of its radius r and is given by the formula S(r) = 4 r?.

Suppose a spherical balloon is inflated so that the radius of the sphere is increasing according to the formula
r(t) = 2t, where t is measured in minutes (min), t > 0, and r is measured in centimeters (cm).

1. Find and simplify an expression for the average rate of change of S with respect to r. Find and interpret
the average rate of change of S with respect to r over the interval [1, 3].
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2. Find, simplify, and interpret an expression for the average rate of change of r with respect to t.

3. Find and simplify an expression for the average rate of change of S with respect to t. Find and interpret

13
the average rate of change of S with respect to t over the interval {2, 2] .

4. Multiply your answers to ?? and ?? and compare those to your answer in ??.

Explanation. It is important to note that as we work through the expressions below, the variables r and Ar
as well as t and At are distinct. That is, they do not combine as ‘like terms.

1. We start by simplifying AIS()] _ S(r+An) — S(n),

Ar Ar
A[S(n)] _ S(r+ Ar) — S(r)
Ar -

Ar
Am(r + Ar)? — 4nr?

Ar
4 [ +2r Ar + (Ar)?] — 4nr?

Ar
Amr? + 8r Ar + 4n(Ar)? — 4nr?

Ap
8mr Ar + 4w (Ar)

A
(Ar) 871+ 47 Ar)

Ar
(A7) (8Tr + 47 Ar)

1

)’

= 8nr+4mAr

To find the average rate of change of S over the interval [1,3], wetake r=1and Ar=3—-1=2:

A[S(n)]
Ar

=8n(1) +4m(2) = 16m7.

This means as the radius of the balloon increases from 1 centimeter to 3 centimeters, the surface area
o . cm
is increasing at an average rate of 167 o

Note that the units here, cm, do cancel and we could write the average rate of change as 16w cm. This
somewhat hides the fact this number represents a ratio. Any time area and length are measured in

. . . ., area .. . .
compatible units, the ratio of units will simplify to units of length.®

length

2. Next, we simplify A[Ar(tt)] = rt+ A - r(t):

At
Alr(t)]  r(t+ Al — r(t)
At t
o 2(t+ &t) — 2t
- t
: 2t + Z%t — 2t
- t
2A1A
= 2
SAs always, context is key!
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The fact that the average rate of change here is constant shouldn’t be too surprising. Note r(f) = 2tis a
linear function with slope 2. Hence, ‘2’ is the (constant) rate of change of r.* This means that the radius

. . cm
of the balloon is increasing at a constant rate of 2 i

A At) —
3. To find [‘ASY)] = S(t+ At)t S , we start with our answer from Example ?2: S(t) = 167t :

A[S(H]  S(t+ At — S(t)
At

At
167(t + At)? — 16712

At
167 [12 + 2t At + (At)?] — 16712

At
16712 + 327t At + 167(A)? — 16712

o
32nt At + 16m(At)

At
(At)(327t + 167 At)

At
(AY(327 + 167 At)
1

oty

= 32xnt+ 167 At

A[S(1)]
At

1
=327 <2> +167(1) = 327.

2
. . . cm .
This means the surface area of the balloon is increasing at an average rate of 327 —— over the time
min

1 3 . .
span of > minute (30 seconds) after the start of inflation to > (90 seconds) after the start of inflation.

4. We begin with:

A[S(n] Alr(t)]
Ar At

which doesn’t look like much unless we substitute r = 2t and Ar = 2At. We get:

= (8wr+4mw Ar)(2),

A[S(n]  Alr(t)]
Ar At

= (8mr+4mAr)(2)

= (87(2t) + 4w (2At)(2)
= (167t + 87w At)(2)
= 32nt+ 167w At

We find in this case,
AlS(N]  Alr(®)] _ A[S(n)]

Ar At At

1 3
Moreover, we note that the time interval > <t< > corresponds to the interval 1 < r < 3 so it makes
sense to multiply our numerical answers as well:

A[S(n)] Alr(t cm cm?
[()]- [()]=167rcm-2—_=327r—,.
Ar At min min
“We could probably have lead with that and avoided some tedious computations . ..
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Example ?? verifies a property of rates we formalize below.

Theorem 2. Related Rates: Let f and u be functions where u is defined over an interval containing x and
x + Ax and f is defined over an interval containing u(x) and u(x + Ax). Then:

Alf()] _ Alf(W]  Alu(x)]

Ax Au Ax

Ax #0,Au #0.

If we think of u as being an ‘intermediary’ variable, Theorem ?? allows us to determine the rate of change
of f with respect to x by multiplying the rate of change of f with respect to this ‘intermediary’ u by the rate of
change of the ‘intermediary’ u with respect to x. That is, we are looking for rate information on how f depends
on x by decomposing the rate into two rates as visualized below.

We close the section with one last example.

Example 6. The drag force F, in Newtons (N), of a perfectly fine OER Precalculus Textbook which has been
discarded off of a cliff because it didn’'t have enough Calculus in it is given by: F(v) = 0.6 v, where v is the
speed of the book as it hurtles towards the Earth. If the speed is increasing at a constant rate of 9.8 meters

/
per second per second, E, determine the rate of change of F with respect to time as the speed changes
m m S
from5 —t0 6 —
s s
Explanation. In this scenario, the drag force, F depends directly on the speed, v and the speed, v depends
directly on time. (The longer the book falls, the faster it falls.®) By Theorem ??, we know
AIF()]  AIF(v)] Av
At Av At

We are told that the speed is increasing at a constant rate of 9.8 meters per second per second, so we know
Av

/
=938 % for all time (and hence, speeds.).

At
A[F
To find [F(v)] as the speed changes from 5 m to 6 T, we calculate:
Av ] ]
A[F(v)] _ F(6) — F(5) _ 0.6(6)> — 0.6(5)° 66
Av ~ 6-5 1 B
A[F m Ns
The units on [AE,V)] would be the units of F, N, divided by the units of v, 5 which works out® to o
Hence,

A[F(t)]  A[F(v)] Av Ns m/s N
A AL AT (6.6 m) (9.8 S) = 64.68 .

The force is increasing at an average rate of 64.68 Newtons per second.

SWell until it reaches terminal velocity ...

kg m ki
SNote: we could simplify this a bit farther. A Newton, N, has units g—z S0 some units could cancel to give —g. We leave things as
S s

they are for now for a more simple calculation later.
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FUNCTION COMPOSITION

Note that we never needed to know explicitly how the speed, v, directly depended on time in order to answer
the question posed in Example ??. All we needed was the rate.
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