Up until this point in the text, we have primarily focused on studying particular families of functions. These
families and their relationships to one another provide useful examples of more abstract function structures
and relationships. The notions introduced in this chapter will not only provide us a more formal vocabulary
with which to describe the connections between the function families we have already studied, but, more
importantly, give us additional lenses through which to view new families of functions that we’ll encounter.

In this section, we review of the concepts associated with the graphs of functions. We introduced the notion
of the graph of a function in Section ??, and the vast majority of the graphs we have encountered in this
text were generated from an algebraic representation of a function. In this section, we define the functions
geometrically from the outset and review the important concepts associated with the graphs of functions.

Recall the domain of a function is the set of inputs to the function and the range of a function is the set of
outputs from the function. When graphing a function whose domain and range are subsets of real numbers,
we plot the ordered pairs (input, output) on the Cartesian plane. Hence, the domain values are found on the
horizontal axis while the range values are found on the vertical axis.

Recall from Definition ?? that the largest output from the function (if there is one) is called the maximum or,
when there may be some confusion, the absolute maximum of the function. Likewise, the smallest output
from the function (again, if there is one) is called the minimum or absolute minimum.

A concept related to ‘absolute’ maximum and minimum is the concept of ‘local’ maximum and minimum as
described in Definition ??. Here, a point (a, b) on the graph of a function f is a local maximum if b is the
maximum function value for some open interval in the domain containing a. The notion of ‘local’ here meaning
instead of surveying the entire domain, we instead restrict our attention to inputs ‘local’ or ‘near’ the input a.
The concept of local minimum is defined similarly.

Next, we review the notions of increasing, decreasing, and constant as described in Definition ??. Recall a
function is increasing over an interval if, as the inputs increase, do the outputs. This means that, geometrically,
the graph of the function rises as we move left to right. Similarly, a function is decreasing over an interval if the
outputs decrease as the inputs increase. Geometrically, a decreasing function falls as we move left to right.
Finally, a function is constant over an interval if the output is the same regardless of the input. If a function is
constant over an interval, its graph remains ‘flat’ - a horizontal line.

Last, and according to some’ least, we briefly review the notion of symmetry in the graphs of functions. Recall
from Definition ?? that a function f is called even if f(—x) = f(x) for all x in the domain of f. The graphs of
even functions are symmetric about the vertical (usually y-) axis. In a similar manner, Definition ?? tells us a
function f is odd if f(—x) = —f(x) for all x in the domain of f. Geometrically, the graphs of odd functions are
symmetric about the origin.

The next example reviews all of the aforementioned concepts as well as many more.

Example 1. Given the graph of y = f(x) below, answer all of the following questions.

1. Find the domain of f.

2. Find the range of f.

Find the maximum, if it exists.
Find the minimum, if it exists.
List the x-intercepts, if any exist.
List the y-intercepts, if any exist.

Find the zeros of f.

© N o o »~ w

Solve f(x) < 0.

9. Determine f(2).

1Jeff
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10.
11.
12.
13.
14.
15.
16.

Solve f(x) = —8.

Find the number of solutions to f(x) = 1.
Does f appear to be even, odd, or neither?
List the local maximums, if any exist.

List the local minimumes, if any exist.

List the intervals on which f is increasing.

List the intervals on which f is decreasing.

(—4,-3) (4,-3)

Explanation. 1. To find the domain of f, we proceed as in Section ??. By projecting the graph to the

© N o o M

10.

11.
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Xx-axis, we see that the portion of the x-axis which corresponds to a point on the graph is everything
from —4 to 4, inclusive. Hence, the domain is [—4, 4].

To find the range, we project the graph to the y-axis. We see that the y values from —3 to 3, inclusive,
constitute the range of f. Hence, our answer is [—3, 3].

The maximum value of f is the largest y-coordinate which is 3.

The minimum value of f is the smallest y-coordinate which is —3.

The x-intercepts are the points on the graph with y-coordinate 0, namely (—2,0) and (2, 0).

The y-intercept is the point on the graph with x-coordinate 0, namely (0, 3).

The zeros of f are the x-coordinates of the x-intercepts of the graph of y = f(x) which are x = -2, 2.

To solve f(x) < 0, we look for the x values of the points on the graph where the y = f(x) is negative.
Graphically, we are looking for where the graph is below the x-axis. This happens for the x values from
—4 to —2 and again from 2 to 4. So our answer is [—4, —2) U (2, 4].

Since the graph of f is the graph of the equation y = f(x), f(2) is the y-coordinate of the point which
corresponds to x = 2. Since the point (2, 0) is on the graph, we have f(2) = 0.

To solve f(x) = —3, we look where y = f(x) = —3. We find two points with a y-coordinate of —3, namely
(—4, —3) and (4, —3). Hence, the solutions to f(x) = —3 are x = 4.

As in the previous problem, to solve f(x) = 1, we look for points on the graph where the y-coordinate is
1. If we imagine the horizontal like y = 1 superimposed over the graph of f as sketched below, we get
two intersections. Hence, even though these points aren’t specified, we know there are two points on
the graph of f whose y-coordinate is 1. Hence, there are two solutions to f(x) = 1.
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(0,3)

(—4,-3) (4,-3)

12. The graph appears to be symmetric about the y-axis. This suggests? that f is even.
13. The function has its only local maximum at (0, 3).

14. There are no local minimums. Why don’t (—4, —3) and (4, —3) count? Let’s consider the point (—4, —3)
for a moment. Recall that, in the definition of local minimum, there needs to be an open interval
containing x = —4 which is in the domain of f. In this case, there is no open interval containing x = —4
which lies entirely in the domain of f, [—4, 4]. Because we are unable to fulfill the requirements of the
definition for a local minimum, we cannot claim that f has one at (—4, —3). The point (4, —3) fails for
the same reason — no open interval around x = 4 stays within the domain of f.

15. As we move from left to right, the graph rises from (—4, —3) to (0, 3). This means f is increasing on the
interval [—4, 0]. (Remember, the answer here is an interval on the x-axis.)

16. As we move from left to right, the graph falls from (0, 3) to (4, —3). This means f is decreasing on the
interval [0, 4]. (Again, the answer here is an interval on the x-axis.)

Our next example involves a more complicated function and asks more complicated questions.

Example 2. Consider the graph of the function g below.

2put does not prove
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y

(7,5.5)
(—2,4.5)

1. Find the domain of g.

Find the range of g.

Find the maximum, if it exists.
Find the minimum, if it exists.

List the local maximumes, if any exist.

o o M 0D

List the local minimumes, if any exist.
7. Solve (12 — 25)g(t) = 0.

9t) -,

8. Solve ————— >
2+t—30

Explanation. 1. Projecting the graph of g to the t-axis, we see the domain contains values of t from —4
up to, but not including t = 0 and values greater than t = 0 up to, but not including t = 7. Using interval
notation, we write the domain as [—4,0) U (0, 7).

2. Projecting the graph of g to the y-axis, we see the range of g contains all real numbers from y = —8
up to, but not including, y = 5.5. Note that even though there is a hole in the graph at (0, 0), the points
(—3,0) and (6, 0) put y = 0 in the range of g. Hence, the range of g is [—8, 5.5).

3. Owing to the hole in the graph at (7, 5.5), g has no maximum.®
4. The minimum of g is —8 which occurs at the point (3, —8).

5. The point (—2, 4.5) is clearly a local maximum, but there are actually infinitely many more. Per Definition
??, all points of the form (¢, —6) for 4 < t < 5 are also local maximums. For each of these points, we
can find an open interval on the t axis within which we produce no points on the graph higher than
(t, —86). (You may think about ‘zooming in’ on the point (4.5, —6) to see how this works.)

3There is no real number ‘right before’ 5.5 ...
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6. The local minimums of the graph are (3, —8) along with points of the form (¢, —6) for 4 < t < 5. Note
the point (—4, —3) is not a local minimum since there is no open interval containing t = —4 which lies
entirely within the domain of g.

7. To solve (2 — 25)g(t) = 0, we use the zero product property of real numbers* to conclude either
2 —25=00rg(t)=0.

From t* — 25 = 0, we get t = +-5. However, since t = —5 isn’t in the domain of g, it cannot be regarded
as a solution to the equation (2 — 25)g(t) = 0. (If we substitute t = —5 into the equation, we’'d get
((—5)2 — 25)g(—5) = 0 - g(—5). Since g(—5) is undefined, so is 0 - g(—5).)

To solve g(t) = 0, we look for the zeros of g which are t = —3 and t = 6. (Again, there is a hole at (0, 0),
so t = 0 doesn’t count as a zero.) Our final answer to (12 — 25)g(t) = 0is t = —3, 5, or 6.

t
8. To solve % > 0, we employ a sign diagram as we (most recently) have done in Section 2?.°
11—
t
To that end, we define F(t) = % and we set about finding the domain of f.
it

First, we note that since F is defined in terms of g, the domain of F is restricted to some subset of
the domain of g, namely [—4,0) U (0, 7). Since t> + t — 30 is in the denominator of F(t), we must also
exclude the values where 2 + t — 30 = (t + 6)(t — 5) = 0. Hence, we must exclude t = —6 (which isn’t in
the domain of g in the first place) along with ¢ = 5. Hence, the domain of F is [-4,0) U (0,5) U (5, 7).
g(t)

2 +t—30
see this occurs when t = —3 and t = 6. Hence, we need to select test values in each of the following
intervals: [—4, —3), (—3,0), (0, 5), (5,6) and (6, 7).

Next, we find the zeros of F. Setting F(t) = = 0 amounts to solving g(t) = 0. Graphically, we

. g(—4) -3 .
For th I [—4, — h =—4. F(—4) = = .
or the interval [—4, —3), we may choose t (—4) 42+ (—4)—30 ~ _18 > 0sois (+)
For the interval (—3, 0) we choose t = —2 and get F(—2) = 9(=2) _ 49 < 0sois(—)
! - g T (C2P2+(-2)—30 28 '
9(3) -8

For the interval (0, 5), we choose t = 3 and find F(3) = > 0 which is (+) again.

(32+(3—30 —18
For the last two intervals, (5, 6) and (6, 7), we do not have specific function values for g. However, all we
are interested in is the sign of the function over these intervals, and we can get that information about
g graphically.

For the interval (5, 6), we choose t = 5.5 as our test value. Since the graph of y = g(t) is below the

t-axis when { = 5.5. we know g(5.5) is (~). Hence. F(5.5) = i((5555)) — é;é ~ 0sois
(—). Similarly, when t = 6.5, the graph of y = g(t) is above the t-axis so F(6.5) = 652 !i((63655)) 0 =
% > 0 sois (+). Putting all of this together, we get the sign diagram for F(t) = % below:
(+) (=) (+) (=) )
—4 -3 0 5 6 7

Hence, F(t) > 0on [—4,—-3] U (0,5) U[6, 7).

Our last example focuses on symmetry. The reader is encouraged to review the notes about symmetry as
summarized on page ?? in Section ??.

Example 3. 1. Below is the partial graph of f.

“see Section 2?2, 22

t
5Note that g is continuous on its domain, and hence, it follows that z 9(t) 0 is, too. (Thank Calculus!) This means the Intermediate
Tt
Value Theorem applies so a Sign Diagram approach is valid.
CC BY-NC-SA 4.0 MY XOURSE

MY ORG (2026/08/03.30) MY DEPARTMENT


https://creativecommons.org/licenses/by-nc-sa/4.0/deed.en
https://creativecommons.org/licenses/by-nc-sa/4.0/deed.en

GRAPHS OF FUNCTIONS

p. 6

Partial graph of y = f(x)

(i) If possible, complete the graph of f assuming f is even.

(i) If possible, complete the graph of f assuming f is odd.

2. Below is the partial graph of g.

Partial graph of y = g(x)

(i) If possible, complete the graph of g assuming g is even.

(i) If possible, complete the graph of g assuming g is odd.
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Explanation. 1. (i) If fis even, then the graph of f is symmetric about the y-axis. Hence, to complete
the graph, we reflect each point on the partial graph of f about the y-axis.

6
y

5

The graph of f assuming f is even.

(i) If fis odd, then the graph of f is symmetric about the origin. Hence, to complete the graph of f,
we reflect each of the points on the partial graph of f through the origin. We get the following:

y

The graph of f assuming f is odd.

2. (i) If gis even, then we can proceed as above and complete the graph of g by reflecting each point
on the partial graph of g about the y-axis to get the graph below.
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The graph of g assuming g is even.

(i) Assuming g is odd, we proceed as above and run into a problem. We find the point (0, —5) is
reflected to the point (0, 5). Hence, this new graph doesn’t pass the vertical line test and hence is
not a function. Therefore, g cannot be 0dd.®

—6
This graph fails the vertical line test: x = 0 (a.k.a. the y-axis) intersects the graph twice.

5We leave it as an exercise to show that if a function f is odd and 0 is in the domain of £, then, necessarily, f(0) = 0.
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