
General change of coordinates

1 uv-substitution

Just like we use polar, cylindrical, and spherical integrals to solve integrals, we
can use any other coordinate system. For simplicity, we restrict ourselves to
dimension 2, but the concepts make sense in any dimensions.

If we write x and y in terms of the coordinates u and v, and vice-versa, the
Jacobian of this change of coordinates is given by the absolute value of the
determinant of the matrix of partial derivatives.∂x

∂u

∂x

∂v
∂y

∂u

∂y

∂v


Exercise 1 Compute ∫∫

R

3x

4
dxdy

where R is the region in the first quadrant between the hyperbolas y = 1/x and
y = 5/x, and between the lines y = x/3 and y = 2x.

We can rewrite the restrictions as

1 ≤ xy ≤ 5

1

3
≤ y

x
≤ 2

Hence if we introduce the variables

u := xy

v := y/x

the restrictions become

1 ≤ u ≤ 5

1

3
≤ v ≤ 2

Then we need to write x and y in terms of the new variables:

x =
√
u/v

y =
√
uv
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General change of coordinates

To get the Jacobian, we need the partial derivatives

∂x

∂u
=

1

2
· 1√

uv

∂x

∂v
= −1

2
·
√
u

√
v
3

∂y

∂u
=

1

2
·
√
v√
u

∂y

∂v
=

1

2
·
√
u√
v

Then the Jacobian is the absolute value of

det


1

2
· 1√

uv
−1

2
·
√
u

√
v
3

1

2
·
√
v√
u

1

2
·
√
u√
v

 =
1

4

[
1

v
+

1

v

]
=

1

2v

The integrand in terms of the new variables is

3x

4
=

3
√
u

4
√
v

Then the integral becomes ∫ 5

1

∫ 2

1/3

3
√
u

4
√
v
· 1

2v
dvdu

Solving, we get∫ 5

1

∫ 2

1/3

3
√
u

4
√
v
· 1

2v
dvdu =

3

8

∫ 5

1

√
u du

∫ 2

1/3

1
√
v
3 dv

=
3

8

[
2

3
(
√
5
3
− 1)

] [
2

(
1√
1/3

− 1√
2

)]

=
1

4

[√
125− 1

] [√
3− 1√

2

]
Exercise 2 Compute ∫∫

R

9y dxdy

where R ⊂ R2 is the parallelogram with vertices (−3, 1), (0,−1), (3, 0), (0, 2).
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General change of coordinates

The sides of the parallelogram are the lines

y =
x

3
− 1

y =
x

3
+ 2

y = −2x

3
− 1

y = −2x

3
+ 2

Then the parallelogram can be described as

−1 ≤ y − x

3
≤ 2

−1 ≤ y +
2x

3
≤ 2

If we introduce the variables

u := 3y − x

v := 3y + 2x

the bounds above become

−3 ≤ u ≤ 6

−3 ≤ v ≤ 6

Then we need to write x and y in terms of u and v. This is done by solving a
linear system.

x =
v − u

3

y =
v + 2u

9

The Jacobian is the absolute value of the determinant

det


∂x

∂u

∂x

∂v

∂y

∂u

∂y

∂v

 = det


−1

3

1

3

2

9

1

9

 =
1

27
(−1− 2) = −1

9

The integrand written in terms of the new variables is 9y = v + 2u. Then the
integral becomes ∫ 6

−3

∫ 6

−3

(v + 2u)

[
1

9

]
dudv

Solving, we get

=

∫ 6

−3

vdv + 2

∫ 6

−3

udu =
1

2
[62 − 32 + 2(62 − 32)] =

81

2

3


