Surfaces and surface integrals of scalar functions

1 Surfaces

A parametrized surface is a map ¢ : U — R? with U C R? a region in the plane.

Sometimes, we call the image of ¢ the surface (the object in the space) and call
o the parametrization.

Example 1. The graph of a function f(z,y) of two variables, is the set {(z,y, z) €
Rz = f(z,y)}. Tt admits the parametrization ¢ : R* — R? given by

@(uvv) = (ua U, f(u,v))

Example 2. The cylinder 22 +4? = 1 is a surface that admits the parametriza-
tion ¢ : [0,27] x R — R? given by

o(u,v) = (cosu, sinu, v)

Example 3. The sphere z°+y?+2? = 1 is a surface that admits the parametriza-
tion ¢ : [0,27] x [0, 7] — R? given by

o(u,v) = (cosusinv, sinusin v, cos v)

Example 4. Assume a plane curve 7 : [a,b] — R? given by v(t) = (71(t),72(t))
satisfies 773 > 0. We can rotate it around the vertical axis to get a surface of
revolution. This surface admits the parametrization ¢ : [0,27] x [a,b] — R?
given by

e(u,v) = (71(v) cosu, 71 (v) sinu, 72(v))

The Jacobian of the parametrization of a surface ¢ : U — R? is given by

¢

Jacobian(p) = ‘Z—i i

Using this, the area of the surface is given by
Jdp Oy
= — X — | dud
avea() //U‘au X 8u’ uaw

2 Surface integrals of scalar functions

Definition 1. Let ¥ C R? be a surface, p:U— R? a parametrization of X,
and f :R® — R a continuous function. The integral of f over ¥ is defined as

J[ 1as = [[ ftotwop|GE x 32 dude
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If f(o(u,v)) > 0, the integral above can be interpreted as the mass of a thin
metal sheet with shape ¥ and density f.

Note: the above integral is independent of the parametrization. Later we will
consider surface integrals of vector fields. They will change sign if we change
the orientation of the parametrization we use.

Exercise 1 Let ¥ C R® be the portion of the paraboloid z = 4 — x? — 32
above the xy-plane. Find the area of ¥

Inspired by cylindrical coordinates, we can use the parametrization ¢ : [0, 2] x
[0,27] — R? given by

©(r,0) = (rcosf,rsinf, 4 — r?)

Then
g—f = (cosf,sinf, —2r)
8—5 = (—rsinf,rcosb,0)
Taking cross product,
0 0
8;? X 6—? = (2r% cos 0, 2r?sin 6, )

Then the Jacobian is

Jacobian(p) = ‘%ﬁj X ?’Ti’ — T\/m

Then the area is

2 2m
area(p) = / ry/4r2 4+ 1 dfdr
0 Jo
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=27 —Vudu
1 8

-3 o]

ST - 1)

where we used the substitution v = 472 + 1 with «/ = 8 and 1 < u < 17

Exercise 2 Let X C R® be the portion of the sphere x2 + 3> + 22 = 1 above
1
the cone z = ﬁ\/:ﬁ + y2. Find the area of ¥ and its average height.
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Inspired by spherical coordinates, we can use the parametrization ¢ : [0, 27] x
[0,7/3] — R? given by

©(u,v) = (cosusinv, sinusin v, cos v)
Then

0 L .
a—w = (—sinusinv, cosusinv, 0)
u

dp . .
— = (cosu cos v, sinucosv, — sinv)
Ov

Taking cross product,

830 dp

30 % B0 = (— cosusin® v, — sin usin® v, — sin v cos v)
u v

Then the Jacobian is

9y
or

27
area(y / / sin v dvdu
os(

0) — cos(m/3))

Jacobian(p) = —‘ = sinv

Then the area is

= C

=T

Note that the height of the point ¢(u,v) is given by the third coordinate, which
is cosv. To compute the average, we integrate this quantity and divide over the

area:
27
// zdS = / / cos v sinv dvdu

=27 [2(5111 (m/3) — sin?(0))
= 3n/4.

Then the average height is given by

{ / /Z zdS} Jarea(ip) = 3/4

Exercise 3 Let X C R® be the portion of the cone z = \/x2 + y2 between the

cylinders z* + y* = 1 and x® + y*> = 9. Find the area of ¥. Assume a metal
2

sheet with this shape has density p(z,y,z) = e* . Find its mass.
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Inspired by spherical coordinates, we can use the parametrization ¢ : [1,3] x
[0,27] — R? given by

o(u,v) = (ucosv,usinv, u)

Then
0
a—:j = (cosv,sinv, 1)
0
8—f = (—usinv,ucosv,0)
Taking cross product,
0 0
8—(5 X a—f = (—ucosv, —usinv, u)

Then the Jacobian is

Jacobian(p) = ’g—f X g—? = uV/?2

Then the area is

3 2m
area(cp):/l/o uv/2 dvdu
1
= 2n( (3 = 1)
= 81v/2

The mass is given by the integral

//EpdS = /13 /0%[6"2][%@] dvdu
- 271'%(69 _e)
=mV2(e® —e)

3 Surfaces with multiple pieces

Some surfaces cannot be nicely covered by a single parametrization. It is com-
mon to need more than one parametrization.

Exercise 4 A metal sheet has shape X, where ¥ consists of the portion of
the cylinder x> + 3> = 4 between the planes © + 1y + z = 0 and z = 3, and the
portion of the sphere x> +1* + (z—?))2 = 4 above the plane z = 3. It has density
p(x,y,z) =5 — z. Find its mass.
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Inspired by cylindrical coordinates, for the cylinder part we can use the parametriza-
tion ¢ : U — R3 given by

o(u,v) = (2cosu, 2sinu, v)
with U given by the restrictions

0<u<2m

—2cosu — 2sinu <v <3

The derivatives of ¢ are given by

g—i = (—2sinu,2cosu, 0)
Iy
— =(0,0,1
av ( ? )
Then the Jacobian is given by
dp Op| _
ou " Bl =7

Then the integral over this piece becomes

2m 3
/ / (5 —v)2 dvdu
0 —2cosu—2sinu
2

= / [5(3 +2cosu + 2sinu) — 9 + (2cosu + 2sinu)?] du
0

27
= 30r — 187 + 4/ (cos? u + sin® u + 2 cos usinu) du
0
=207
Inspired by spherical coordinates, for the sphere part we can use the parametriza-
tion ¢ : [0,27] x [0,7/2] — R? given by
P(u,v) = (2cosusinw, 2sinusinv, 3 4+ 2 cosv)

The derivatives of ¥ are given by

o

5=
0y
S

(—2sinusinv, 2 cosusinw, 0)
= (2cosucos v, 2sinwucosv, —2sinv)

Then the Jacobian is given by

o K
ou  Ov

= 4sinv
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Then the integral over this piece becomes

27 /2
/ / (5—3—2cosv)(4dsinv) dvdu
o Jo

w/2
= 167r/ (1 — cosv)sinvdv
0
= 8r

Then the total mass is
207 + 87 = 287



