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Inverse images of reqular values, products, covering spaces, orthogonal group

Example 1. R" is a smooth manifold in a canonical way.

Proof R" is a metric space, hence Hausdorff. The set of balls with rational
radius and center with rational coordinates forms a countable sub-basis of the
topology of R", so it is second countable.

The identity map Idg» : R®™ — R"™ is a chart. Since the domain is everything,
and any chart is compatible with itself, the set containing this chart is a smooth
atlas. More specifically, A := {(R",Idg~)} is a smooth atlas of the topological
manifold R".

Therefore, there is a unique smooth structure containing this chart. Note that
for each open set U C R”, the inclusion U — R" belongs to this smooth
structure. |

Example 2 (Open sets). Let M be an n-dimensional smooth manifold and
U C M an open set. Then U is an n-dimensional smooth manifold.

Proof sketch Let S = {(U;, i) }ier be the smooth structure of M. Then
Sv = {(UNU;,pilunu,) }ier is a smooth atlas on U (it is actually a smooth
structure). [

Example 3 (Locally a graph). Let M C R™"™ be a set that is locally the graph
of a smooth function. That is, for each p € M, there is a linear isomorphism
L : R™™ — R™™ open sets U C R", V C R™, and a smooth function
f:U — R" such that L(p) € U x V and

LIM)N (U x V) = {(z, f(z)) € R" x R™ |z € U}.

Then M is a smooth manifold.

Proof Let L:R,U,V,and f as above. Define
0:MNL N UXV)=U
as
p:=molL

where 7 : R” x R™ — R" denotes the projection onto the first n coordinates.
Notice that

P(L7 (@, f(x)) =moLo L™ (, f(x))
= m(x, f())

=Xx.
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Hence the inverse ¢! : U — M N L~ (U x V) is the continuous function

(P_l(x) = L_l(x’ f(x))>

showing that ¢ is a chart. We claim that the set of all charts obtained this way
form an atlas. For that purpose, take a linear isomorphism L : R 5 RVT™
open sets U C R™, V. C R™, and a smooth function f: U — R"™ such that

LMY N (U x V) = {(z, f(x)) € R" x R™ |z € U}.

Construct with them the chart

Y MxL Y (UxV)=U
given by .
Y :=molL.

The change of coordinates is then given by

Yo N (z) = (wo L) (L7 (x, f(2))),

which is the composition of the smooth functions

z v (2, f(2)) = L7 (@, f(2) = LI (=, f(2))) = m(LL7 (2, f(2))))-
Therefore the charts ¢ and v are compatible, proving our claim. |

Example 4 (Level sets). Let O C R"™™ be an open set and F' € C*°(Q;R™).
If for all p € F~1(0), the differential d,F : R"™™ — R™ is surjective, then the
level set F~1(0) € R™™™ is a smooth manifold.

Proof By the Implicit Function Theorem, this is covered by the above exam-
ple |

Example 5 (Products). Let M and N be smooth manifolds of dimension m
and n, respectively. Then M x N is a smooth manifold of dimension m + n in
a canonical way.

Proof For each chart (U, ¢) of M and each chart (V,4) of N, we consider
the map
oY :UxV = pU)xyp(V)cR™™

given by
(P @) (z,y) = (p(z),¥(y)).

Since products of homeomorphisms are homeomorphisms, ¢ ® v is a chart.

Now consider (U, ') another chart of M and (V', ') another chart of N. With
those, we build the chart

P o U x V' = o U) x ¢ (V).
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Notice that
UxV)NWU' xVY=UNU") x (VxV).

Then the change of coordinates between ¢ ® v and ¢’ ® 1) is the function
(@' @Yo (pe¥) ™! (k@) (UNU")x (VNV) = (¢'@d")(UNU") < (VNV"))
given by

(@ @) o(p@y) Ha,y) = (¢ @¢) (e (z),vy)
= (¢ o7 (@),9 o (1))

Since the maps ¢’ o ¢! and ¢’ 0 1)1 are smooth, the change of coordinates is
smooth. ]

Example 6 (Covering §paces). Let M be a smooth manifold and 7 : M— M
a covering map with M second countable. Show that M admits a smooth
structure for which 7 is smooth.

Proof Homework. |

Example 7 (Special linear group). Let M, (R) denote the space of n x n real
matrices and identify it with R™ . Then

SL(n;R):={A € M,(R)| det A =1}

is a smooth manifold of dimension n? — 1.

Proof Homework. |

Example 8 (Orthogonal group). Given A € M, (R), we denote by AT its
transpose. Then
O(n) := {A € M,(R)| AAT =1d}

is a smooth manifold of dimension n(n — 1)/2.

Proof Homework. |



